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Preface

The roéd to the end was a bit tortuous. I set out to
compare the rate of convergence to solution of five or six
iterative methods of solving the implicit finite difference
representation of the equation of transient heat transfer,
to 40 an analysis on the effect on the rate of convergence
of a spiral grid scen, and a detailed error analysis. 1lo-~
ward the last third of the allotted time, the relationship
between the adapted Negstein technique and successive over-
relaxation appeared and the decision was made to follow this
lipe of investigation. To this end, this relationship be-
tween the two methods 1s now rather obvious, though, in my
earlier work on this thesis it was not at all obvious to me.
Time did not permit a thorough investigation designed to use
this relationship for possible improvement of the adapted
degstein technique.

I wish to express my appreciation to Ur. Bernard Kaplan
of the Physics Uepartment of the Air Force Institute of
Technology for his assistance and guidance. Most of all, my
gratitude (and more) goes to my wife who atill insists that
having me constantly off in my litter-strewn corner o the
house is better than having me away on temporary duty soms-~

whers.

Rovert 4, Poppe
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abstruct

This study investigutes tne practicel applicstion of
two convergence tecanniques designed tc increase the rete
of convergence of the method of successive dispi&cements
(Guuss-ciedel) for the impiicit numericusl sciutiop of the
diffusion eyustion of transient nest trensfer. A semple
croblexs of determining tae tempersture distritutisn in a
cube with & constunt intermal neut scurce apd fixed btoundu-
ry temperatures is solved to prcvide the necesszry auats.

the results provide u treoreticel busis rour tns saspted
sexstein tecarioue that was not previocusly avellucle, shis
trneoretical busis brings to ligat the fect that successive
overrelaxation and the adaptea «egstein technicue ale oezsed
on the same theureticel ovackxrcund.

& procedure based'on sstimating the maximun eicenvalue
of tne method Of sucocessive displaccements is used to make
an approximation of the relexation factor for successive
overreluxaution, 7This prccedure is shown to be a practical
metnod Of finding the prcper relsxation factor to estiuate
the difficult-to~determine optimum factor. The savings
using tnis procedure wes about 5Cn» of the iterations re-
quirec to obtain tne same solution by successive displace~
ments,

A comparison of the two accelerating techniques is

made. Items of comparison are: the number of iterations

viii.
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Abgtract

required to obtain a solution of the sample problem, the

progress of the solution with increasing iterations, the

characteristics of the accelerating factor deterxziped while

computing in the normel successive displacements mode, and

the error associated with the solution of the sample problem.
The principal results of this comparison are:

L. A 65» reduction in iterations over successive
displacements when the optimum relexation factor is used
and abocut 50% and 30%» reductions for successiver overrelax-
ation with an estimated relaxation factor and the adapted
degstein technique, respectively.

2. OSuccessive overrelaxation produces a smooth
convergence to solution, whersas, the adepted eegstein tech-
nique is ragged.

3. Both the single maxizum eigenvalue used to
compute the relaexation factor of the method of successive
overrelaxation and the Aegstein slopes used to compute an
accelerating factor for each individual node converge to the
same value, but at different rates.

4. The error associated with the accelerated
solutions is less than that encountered in the method of
successive displacements.

An additional investigation is made of the effects on

ix
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Abstract

the rate of convergence ol successive displacements of
scanning the firite difrerence grid in a syirel mode from
tne fixed boundery ecnditious., +ae rate of convergence is
ccmpared to tnat obtained using a conventioral serial scan-
ning rrocecure. <The results obtained snow a small decrease
in the number of iteratiozs recuired for the spiral mode
over the serial scan, but the savings are not significant.
4 tentative conclusion is reached thet nuv chenge 1iL scan-
ning procedure from serial scan will produce a signifiecant
decreecse in the iterations re-uired to sclve the transient

heat transfer problem by successive displacements.
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I. Introductjop

Bagkground

The anelytical solution to partial differential equa-
tions of engineering and applied physics can not in general
be obtained except in very special cases. Thus, approximate
methods of solution have been &ovelopod, and ths most popu-
lar of these procedures is the method of finite differences.
Frior to the development of large scale digital computers,
practical numerical solution of the finite difference equa-
tions was almost entirely performed dby pencil and paper re-
laxatior methods. When computers became available, it was
found that the original relaxation methods were not as suo-
cessful as some systematic computation of points in a con-
vienent cyclic order (Ref 4:242), As & result, the develop-
ment of new and the adaptation of old solution procedures
for use with digital oouputefc has been the sud ject of in-
tensive study in the past ten tc fifteen years.

The state-of-the-art at the present time provides a
number of digital computer routines for solution of the
finite 4ifference representation of the common types of
partial differential equations encountered in engineering.
For instance, the finite difference representation of
Poisson's equation, v‘u. =§ (w) for U= S(X.l‘) in the reot-
angular region R with U desoribed on the bdoundary S-- the
equation encountered in such diverse engineering routines

1.
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as elastiocity, heat transfer, electromagnetism and fluid
dynamics--has at least ten possible representations for use
in the solution. (fef 4:282). The theoretical basis for these
divarse meéhods £Te ¥wll ceveloped for the sinple, two dimen-
sional, rectangular geopmetry iavolvec. The theoretical basis
for extendinyg these routines laic cases of irregular geometry
an¢ thre=e dimensicns i{s still rather fregrentary. lhe state
ot development does, bowever, permit an experimentel approach
to the investigaticn of possible extensions to the existing -
theory.

The specific case of the solution of the equation of non-
steady heat transfer represents an impcrtant computer routine
in a given engineering facility. In three dimensions, this

equation is of the form

® Ve KVUGKY.E L) = £ 2 ugr, ) +5(xq,2,L)

The tresence of tne time dependence permits formation of two
popular forms of the finite difference representation, de-
pending on whether the arproximations of the space derivatives
are set to provide the forward difference (or explicit) equa=
tion or the beokward difference (or implicit) equation. The
implicit form leads to the requirement to solve a large system
of simultaneous lipear equutions (realistically, 500 or more).
The explicit form, lacking the mathemaetical ocomplexities of
the implicit form, can de solved by a step-by-sztep solution of
2.
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explicit relationships, starting with given initial values
of u in the region k for e given time t.

The explicit form has one basic disadvantage, however.
In moving forward in time from the time of given initial
oonditions, stadbility considerations require that a relation-
ship between grid size and time increments be maintained such
that decreasing the size of the grid requires a corresponding
decrease in time step. In computations over long periods of
time where data requirements for specific times indicate
fairly large increments could be used, the size of the time
step is restricted by the usesble grid size. This restric-
tion becomes a frustration that creates a vast and often
prohibitive amount of computation to obtain a solution. The
speed and capacity of modern computers has permitted wider
application of the explicit method to problems involving a
relatively large number of computationsl steps, but there is
still a practical limit to the number of time steps to be
computed. Even so, the solution of the explicit equation
remains a prime computer method of obtaining approximate solu~
tions to parsbolic partial differential equations of interest.

The solution of systems of linear equations has bdbeen a
subject of intensive study by mathematicians for many years.
As a result, certain systematic iteration procedurss suitable
for hand calculation have been availadble to solve the linear
systems of the impiicit method. Yet, the additional oom-
plexities of these proocedures and the nsed for iteration to

3.
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solution made the trade-off point betwesn ir,..cit and ex-
piicit methods heavily in favor of the explicit form for
the class of problems that could be attacked by hand numer-
icel cszleulation, +Aftel large scale digltal computers
offered potential for rapidily solving large numbers of
sizuitanecus equations, ipnterest in tne implicit form was
repewed. Urunx and Nicholson seem to have been the first
10 use implicit methods. In 1947, these men demounstrated
that the stability restrictions of the explicit method do
not apply to the iuplicit form (Hef 4:10Z), ithis promise
of treedowm of choice of spece and time increments, subdbject
only to truncation error and cconvergence considerations,
offers attractive advantages that offset the disadvantage
of compleaity of the impliicit form.

As previously mentioned, a number of routines for solu-
tion of implicit equations by digital computers are in cur-
rent use. Since the system of equations is generally large,
the more direct method of matrix ipversion is not practicel;
thus most routines use an iterative procedure, Of these
useful routines, the ones that are in common use are bdbased
oD the metnod of successive displacementa--often referred to
as the Uauss~>iedel method. Successive displacexents is
probably the simpliest iterative procedure, is easily adapted
to computer programs, and is therefore, widely used (hef
10:374). ARoutines have been developed to speed the rate of
convergence of the method of successive displacements.

4.
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In his doctoral dissertation in 1950, D. Young, working in
two dimensions, extended earlier work by Frankel and pro-
vided a theoretical basis for a process that increases the
rate of convergence by systematically overrelaxing the Gauss-
Siedel solution of boundary value problems where u is speci-
fied ob the boundary. Though the theoretical basis 1is
somewhat restrictive, the practical success of overrelaxation
has led to the application of the method to other problems
with a significant increase in the rate of oconvergence being
realized (kef 4:242). opecifically, overrelaxation has been
applied to the problem of transient heat tranafer. In 1958,
J. Negstein suggested a means of accelerating the conver-
gence of iterative solutions of problems of the form

(Ref 9). This procedure was empirically adapted to the

solution of the implicit representation of the transient heat

transfer equation by B. Kaplan and N. Clark in 1958 (Hef 5).
In summary, analytical solutions to partial differential
equations are generally not available, so finite difference
me thods are used to obtain approximate solutions. Two pop-
ular forms of the finite difference representation are avail-
able=-the explicit and the implicit form. The explicit form
may be solved by a simple step-by-step procedure, dbut this
form suffers from restrictive stability consideratioas. In ;
fact, stability restrictions make the explicit form unsuitable
for the class of problems requiring solution over large time

increments (e.g. the determination of temperatures in a

5.
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Lucleur reactor aftsr suut down;. Laus, one must resort to
tae implicit form for a soiution. wescite relative freedom
of cholce of «rid size and time steps, if the number of
iterations reguired to obt.in a sciution for eech time ster
is too large, the impiicit form may be egually useless., Then
the only nope of obtaipning a sciution on a given type of ccm-
puter 1s to sreed tne rate of convergence of the iterative
solution, thereby reducing the number of ilterutions reguired.
Aside from makipg some soiutions rossible, a successful
method of sreeding ccnvergence of a slower metacd of solving
the system of siumultaneous equations alsoc results in attrac-
tive ecomomy of computer operntiomn., with these potentiul
guins as impetus, a major effcrt within the geueral field of
research in numerical analysis is being devoted to finding

rapidily converging solution procedures.

furpose and ocope

this study is an atteupt to add to the practical know-
ledge of the use of tecnnigues for accelerating the iteretive
solution of the implicit form of the finite difference repre-
sentation o1 the transient heat transfer problem. opecifi-
cally, the study provides a comparison of two tecaniques
for accelerating the method of successive displacements;
successive overrelaxation and an adapted ANegstein's accel~
erating technique. The primary pcints of comparison are
rate of convergence to solution, associated error, and simpli-

6.
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city and applicability of the method.

The comparison of the two methods is provided by the
solution of a sample heat transfer problem of conduction
in a cubic space which has a constant, distributed source
of heat energy in the interior region and boundaries that
are maintained ~t a constant temperature. The exact problem
chosen has an analytical solution which provides the stand-
ard for measure of error magnitudes.

Two additional points in the general area of acceler-
ating the rate of convergence of the method of successive
displacements are investigated.

l. Using an experimental approach, an attempt
is made to deterwine the effect on the rate of convergence
of scanning the finite difference grid in a apirel mode
from the fixed boundary conditions. The rate of oconvergence
{8 then compared to the rate obtained using a oonventional
serial scanning segquence.

2. The theoretical basis for the accelerating
effect of successive overrelaxation and the adepted Wegstein
teochnique is reviewed for similiarities and differences of
the two methods. This information is then used as a basis
for experimental attempts to alter the basic adapted Negstein
technique to improve the speed of convergence of this method.

7.
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11. Theory

The ¢ al Differential rquation of Irapnsient Heat Irensfer

1

From tne theory of heat transfer, the pertial differ-
ential equution of neat cocnduction with an internal beat
source or sipx may be expressed as the parabeolic partial
differential squation {(tef 1:45;

oy - | L g
b‘.a’%"K'V'Kv“ + 2§ xqeL)

where ulx,y,z,t) is toe tezpzrature (°C)

(1)

& is the conductivity of the medium (cal/cm-gec=°C;

qQ is the stremgta ot tuc tource or sink {rositive
for a source~-negative for a sink) in wuits of
energy generzted or absorbed per unit vclume time
(cal/cm®-sec)

a is the diffusivity (cmz/sec) winicn muy be deter-
ained from Q= K/@Cp with @ as density (gr/cm3 )
and Cpas the heat capucity (cal/gr-°C)

V is the del oper=tor of vesctor analysis which is
expressed as

V= (,L ""33%""1'2') (2)
with 1 'T and‘? tae usual cartesian unit vectors
Aith the siwmplifying aussumption that the conductivity is s

constant, equation 1 reduces to

LU - o2
Eg'i = Q¥w + g §(ug. 2L )

6.
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The Finite Vifference ggp;egggtat;on‘

The finite difference representation of equation 3 that
is used in this study is obtained by replacing the first
partial derivative with respect to time by the approximation

a_u._ - U‘o‘oio“: t‘*dt) - _U(‘l z‘_ﬁ»&t) (‘)
ot at

and the second partial with respect to a given space variable

by an approximation of the form

2’__‘1 = Ulng R 2eat) - 2U (e, 3R 240L) $UQ-1,3.5,L4a8) (5)
Ix 4t

where 4y =ax \6)
to obtain the implicit form, or by

?_‘_u': - %*'4.‘;‘)'@!%‘, t’ "LQ!"’: 10‘»‘) (7)
ax A

to obtain the explicit form. How these approximations are

formed using truncated Taylor series expansions for a sample
elliptic and parabolic partial differential equation and the
resulting matrix forms for a sample serial scan are shown in
detail in idppendix A,

substituting the approximetions given in equations 4 and
5 and similiar expressions for the partial derivatives with
respect to the y and z space variables into equation 3, one

obtains the impiioit form of the finite difference equation
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Ulah, teat)-Uta b g) . Uler, g t+4t)+U(L%'h,tuQ
2 ast - W

+ U(;.w,i,mmu (L.z".‘ﬁ.tmt)
2
9

+ 1(‘! 4 )"H. L+a £) *U(Ljé' I,t"dt)
R

- [‘{1 +I2§+ é]U(L.a.i,tnt)-l' -E— (€)

rro. tals equation, one can see that if the temperatures
over the reglon are known at time t and the boundary values
and source strength q are tixed for any time, then the temp-
eratures at the interior nodes at time t+At form a systen
of N simultaneous equations in Kk unknowns; one uasnowan for
each interior node point. Iu metrix notstion, ti.is systea
may be expressed as
AG=C (9)
Altecrnately, one may use egquation 7 to approximate the

sscond partial to obtain the explicit form

Ule.g B teat)-Ulsg k. t-) Utr, 3.8, t) + Ult=r gk, £)
aat

+ Jluge, -&.‘gtﬂvai’ £, £

+ U(Lrﬂ\""‘" ’ £)+U(L)a )“"’ut)
|

-[f-:-péi- ﬁ]ﬂ(q.ﬂ.i)‘*;""é {10)

dere, eaca interior node temperature at t+At is expressed

explicitly ipn terms of known temperatures at time t so that

10.
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there is no need to solve a system of siwultaneous equations.

Solution irocedures for Systems of sjpear gyations
1t has bsen shown that the implicit form of the para-

bolic equation * leads to a system of simulteneous finite
difference equations. The following forms of the solution
of the system will be considered:

l. The method of successive displaceaents (cften
reterred to as the Gauss-oiedel metnod)

2. ouccegsive overrelaxation

3. adapted vegstein convergence tecnnique

ouccessive Displacements

Solution Procedure

For simplicity in the expression of relationships, the
following notation is adopted
(m)
U(e.3 R 2 (11)
where n = the number of the iteration

Consider the two dimensional parabolic equation

1y =3¢
in the implicit difference form with the gird size equal
in the x and y direction (i.e, R = ‘ﬁca = H ) or

* A system of simultaneous equations also results from the

finite equations of elliptic boundary value prodlems -- See

Appendix Ai.

11,
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U, 4. Atak) = __‘_U(L'“ 4. X +at)+U(L-1, g1 1ak)

+U( &, grotte k) + Ula, 3, uu.)]

[U(L%L)] {13)

l+4/¢.
where L= Qat
- (14)
Using the method of successive displacements to solve tue
system of equations resulting from the sabove sample equation
involves the following steps™
l. wuLstimating & startiog value of U for the in-
terior grid points (i.e. those points in the region consid-
gred, excluding the known bvoundary points)
2. lmwproving these initial estimates nccourding to
an arbitrary but fixed ordering of points.

3. Using improved values &8 soon as avallable

* lhere 1s a similiar procedure czlled simultaneocus dis-
placements which is generally not as rapidily converging as
successive displacements, though it may converge in cases
where successive displacements diverges (kef 3:133). Yhe
essecntial difference is that in simultaneous displacements

no improved value of U is used until all values are irproved.
oluce convergence is generally slower, simultaneous displace-

zents is not u porular method (nef 4:226).

i2.
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4. Continuing the iterative cycle until the abso-
lute value of U of the present iteration minus the value of
U of the previous iteration is ecual to or less than an.
established criteria put into the computer as input data.

Thus, if the iteration notation is added to equation 13
the result is

(m+1)
n (m) 1)
U(""&"‘*“‘) = 1 4+4n [U(L-H,—a,t-mt)-tb L-',g..ti-dt)

m) {me)
+ U((L.a-n, t+rat) +U(A,;'-',t+at)]

- — [U(L.a.,x)} (15)

T+4n

Convergence

Probably the simpliest statement of the necessary con-
ditions for convergence of the method of successive displace-
ments is given by rorsythe and wasow., They state tnat, "If
(the matrix) a (of equation 9) has diagonal dominance * and is
not reducible, then the method of successive displacements
converges" (Kef 4:236). In pructice, decreasing the grid
size has the effect of decreasing the diagonal dominance by
inoreasing the sum of the off-diagonal terms. BSecause the
diagonal is weakened, the convergence is slower.

This simple statement of convergence is, however, more

restrictive than necessary. a4 less restrictive but more

* See "Definitions", Appendix C

13.
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complex criteria may be developed us follows (hef 4:209).

Partition tae matrix A into three matrices such that
B=(E+D+F)

where 2 1s the lower trlungular matrix of a&jj where i >

{ig}

anl there are zeros elszwhare

# is tue upper triangular amtrix of aij where i< §

and there are z2ros eisewhsre

U nas the dlagonal elements &;j aid zerus elsewnere
It is taen possible to write the metnod of successive dis-

slacements in tne foliowing amatrix form (if 4::36)

(M-H) = z\vlE—=I(Mm = X )= N
U™ = -(B+EVFU™ +(B+E)C (i7)
Thea tne necessary and sufficient ccadition for convergence
=) 3
is that ail the eigenvalues of the matrix -(5+§\ F are less

tnan oune in modulus. furtier, thzse eiyenvalues (ili} are

the zeros of the dsterminantal equation

det(blfuzb +F)=0 (1€)

pxamples of the forms of these matrices are given in arpen-

dix B,

o>ince the eigenvalues of the large matrices encountered
in practical problems are not easily determined, this cri-
terion is not very useful for estimating whetner a given
system will converge for the metnod of successive displsace-

ments. The size of the muximuz eigenvalue does, however,

14,



GA/Fhys/63-8
play an important role in accelerating the convergence of
the metnod of successive displacements. JIhis role is dis-
cussed later.

vne more important point must be made. The method of
successive displacements depends oritically on the order in
wnich the various unknowns are computed, since the size of
the eigenvalues depend on this order and the smaller the
muximun eigenvalue, the faster the process converges (Ref
4:218,257).

Succegsive Overrelaxation
3olution krocedure

vuccessive overrelaxation is the first method consid-
ered of ¢he two methods of acceleruting the convergence of
successive displacements that are compared in this study.
In this method acceleration is achieved by a simple modifi-
cation of the equation for solution by successive displace-
ments (fef 9:388). lhe modified form for the transient

heat equation in three dimensions is

U trat> = @ {25 [U0ED 3 4, £eat) + UL 3 Kt ra2)

M+

+Uls,q-1,R, teat) + U(‘, ‘#l,;‘ £+at)
+U{T;’”ﬁ-l A+al) +U(.4. '3 fsi, t+at)

F D)+ Gt 5]
+ - w]U(‘..a«h, 2+at)

where @® = relaxation factor

(19)

The procedure ror sclution is the same as for the method of

15.
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successive displacements. Note that when W=1l, the form

reduces to the mathod o! successive displacemenvs.

applicability of tne sethod

Young in his doctoral aisgertstion showed thut succes-
sive overrelaxation improves the convergence rute of the
method of successive dispiecerents for a class of matrices
with a property ne calls froperty (A, * (Hef 4:243). No
attempt wiil be made here to dascribe in detail Ycung's
proof of the tneoretical basis for tae metnod of successive
ovarrelaxation. hather, interest in tne theory beanind the
metnod will be centered on the determimuation of the optimum
relaxation factor. 4 detailed description of the thneoreti-
cal background may be found in forsythe and sasow beginning
on page 242 (Ref 4). opecifically, the method is applicable
to the approximations of the parabolic partiel differential
equation of heat transfer used im this study (hef 4:105).

It is of interest to note that overrelaxation nas been
so successful that the method has been profitadbly applied
to problems with matrices that do mot have rroperty (A).
ifnis success nas led to work toward the extemsion of Young's
proof to a more general class of problems and has provided
a basis for the speculation that the method may be useful

for any problsm (hef 4:28C,z61).

* See "Derinitions" Appendix C

16.
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Determining the Uptimum Helexation Factor

Ahen the optimum relaxation factor is known, signifi-
cant savings in iterations cen be accrued by using overre-
laxation in the solution of partial differential equations.
‘fhere is unfortunately, no simple direct way of accurately
determinipg the optimum factor prior to the start of com-
putaticns except for simple problems involving simple

geometry. Compounding the problem is the rate of degrad-

ation of savings as the
cnosen relaxation factor
moves away from the opti-

mum value. A character-

istic plot of relaxation
factor versus number of
iterations to solution 1is

shown in figure 1. The

NI O0OrH P ®c ™

result is that determin-

ipg the optimum faoctor is A

A

lem in using the method of

P

Fig. 1

Sawple Plot Of Relaxation Factor
(Ref 4:257). A plot such |Versus Iterations to Solution

RN

successive overrelaxation

R ———

as shown in figure 1 is a way of determining the optimum
factor, though, of course, a very impractiosl way unless a
large number of asimiliar problems are to be considered.

i7.
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Figure 1 demonstrates adzitiopel imnportant properties
of the relsxaticn factor, First, the liwmits op the optimum
factor are I<@<2 where @ =] is equlvalernt t> the method
0f successive displacemerts. <rfactors less than obe sre terme
ed underrelaxation end are known tc be less profitatle than
@W»>I) fcor acceleration (nef 4:308), ‘the upper limit is
based on the maximul eigenvalue of the method of successive
displecesents. 3Yhig relativnsait mil be descrited in mcre
getaill lster. The second rroperty is relsted to the shuape
of the curve in the vicinity or the optimum factor. [he
saeillexr rate ¢f counge ot siine nn the nigh side of the
optimuz demonstrates that it 1s betler to overestiust~ tne
relaxatlon lactcr tanan toc underestimete 1t., & thenretical
busis for this property nes beenl developed (hef 4:257;.

Various means of estinuting the cptimum fector have
been proposed. A8 & starting point in reviewing the aore
proninent metnod's, cobnsider the means for determipning the
factor for .aplace’'s ecuation over a regular space., For the
case cf equal grid size (h) and the finite difference repre-
sertation given by eguation 74, the optimum relaxeation

factor may be found from (Hef 9:3&b)

A

@b = | +
(1+NT =X )2 (19a)

where

LSO
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A= Cosz% x| - (%)z (19b)

M=
I (19¢)

The varisble A is referred toas "the spectral radius * of
the lipear transformation defined by the Gauss cSiedel (i.e.
successive displacements) method"” (hef 9:367). The rela-
tionsnip of A to the progress of the solution by successive
displacements may be demcnstrated as follows. Defire
d(mw) - U(mn)_ U(m') (19)
Then A may be described as the limiting ratio of d(""')and

d™ or (Rer 9:387)

_ d(mm)
Az (190)

Young goes on to give the following formula for computing
A for Laplace's equation for a rectangle with sides
0.2RA, anda b=S% where i and 5 are integers (Ref 9:389)

\ = [-é— (Cos —E— + Cos -E—)]z

de then advises that for regions other than a rectaagle,

(192)

may be estimated for a rectangle containing the region under
consideration.

For the parabolic equation of the form

* See "Definitions”, Appendix
19,
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U - P (19¢)
L ax*

and the finite ailferercs arproximcticon of

U (L, teot) = %—[U(LH,H +Ule-1,8) + U(h+1, t+at)

+ Ula-1,Erat) - ZU(L,t-mt.)] +[t- n,:lU(,i,, gy end

Young provides ths foliowing u,,.er bcund for A (Hef 9:403,

)\5( A >2 (191)

I+

rl - A

- R (193)

Then for tue two-cimensicnel taratolic scuation

2 2
au - Q_‘_“--l-_a_‘:f'.

(1¢k)
L Ix* a%'—
the upser bouna for A Ceccmes (nefl ¥:40UD)
2
A% -—-3—"‘4—\) (191)
| +2/L

Uf course, nche of the above formulee for )\ urovide a pre-
cise expression for detersinipe an optimun reiaxstion factor
for the parabolic equation ot transient neat transfer. lhey
do, however, provide an irnsignt into the nature of the aee
pendence of @ on the parsmeters 31 the problem.
~ince there is no direct method of computing the optimunm

relaxation factor priur to the stert or the iterative pro-
cess, a number of possibiiities for estimating the factor

have been suggested., rrincipel interest in this study is in

2C,
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tne process of estimating the factor by running the computer
program withws!{i.e. by successive displacements) (Ref 4:
368,369), dow tnis leaas to the optimum factor is described

as follows, Une may aefine the optimum factor by

wOPC = 2 (20)
: +/T-_;7§_ )
where 0'('2') is the dominant eigenvalue of tne matrix—(B*-Er'F
of the method of successivé displacements

Under the assumption that the dominant eigenvalue rﬂ)is real,
a condition tnat wili exist for example wher the 4 matrix
is symmetric with all Q;;>0 ~-- a common occurrence with
finite difference equations (nef 4:252)--the value of r{?
mey be determined from the limiting retio of the norms of
the residuals® of two successive iteratiorns, or (nef 4:369)

Q “\(ﬂu+n"
'1‘ - ﬁm L e ——d
=y =

.
IYml = g. (U(:.m_ U(E’)z] : (22)

i = the nugber of unknowns in the system

where

This process i: svcsequently referreu 0 4s tue norm of the

residuals. alterpately, ope may uce the first power norm

i I
Qm = H Y Q)
" I Ym |’O) (23}

where

¥See "Derinitions', appendix ¢

21,
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N , (w)
Yl =2 U= UL
L (24)
LML QM = *z I(I)
M= 00 (£5)

The apparent disaavantage of ruk.ins for a numver of iter-
ations with W=!1s that one loses the effect of acceleration
“hile®@1is one. Unless there is a rapid convergence tc the
vieinity of Q?% tnis loss of acceleration may degrade the
metnod to a point wnere very litt.e zcceleration is achievea,

Is it possible then tO determire tne optimum factor
waile running with an estinste? (v vegin this discussion,
the effect of the successive overrelaxation modification of
the successive displacements =juation on the pertinent eigen-
values is of interest. The eigsenvaiues of the overrelaxation

equation are given by the expression (fef 4:247)

dn,t[(w"'5+5)'z+('-@5')5“'é]=o (26)

where U, &, and F are as given on pege 14
This compares to equation 18, tae egquation for finding the
elgenvalues of the method of successive displacements., If

one defines

= - = e\ = -y 2
Hlw)=-(&'D+E) [F+(l-w )D] (27)

then two iaportant properties of H(@) can be cited. "The
(@)

eigenvalues VlLot ﬁ(«D) remain the same for any consistent

orderO" (nef 4:251). urder nere implies the order in which

the points are taken. « consistent order is described later.

22,
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Thus, "when the matrix 4 has rroperty (A), the value of
is independent of the order®for a considerable class of
orders (called consistent)" (kxef 4:261).

The problem encountered in running with a trial relax-
ation factor to determine the optimum is the "sequence of
values of lYm|l in any norm is a rather irregular sequence for
(W near Wopt" (kef 4:370), and there is difficulty in de-
termining which trial value ofWis the best. axperiments
by Ortege have indicated that the sequence of values of the
ratios of the first power norm@mdemonstrate differences
between values in the sequence that are low in magnitude
for W<@gand relatively high in magnitude for trial near ;
or slightly larger than Wopt(iflef 4:371). The results thus
far have been inconoclusive, however.

The remaining point to be covered in this subparagraph
is the definition of consistent order. According to Young,
an order 1s consistent "if and only if each elementary square
mesh of the net is bounded by four arrows with zero circula-
tion" (Hef 4:245,246). Figure 2 demonstrates consistent and
nonconsistent orders.

A pertinent question is wnat happens when one uses an
nonconsistent order for successive overrelaxation? Varga has

proven that for LarFlace's equation, no nonconsistent order

EUSEPAT I SRS

has a rate of convergence as great as that common to all cone

sistent orders (nef 4:259). Powers investigated this point

23.
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1. Nonconsistent

2, Consistent

3e Uonsistent Serial Scan

A

A
*

|

1

f——4 - 58 697 —

Y

3it-is4—8

Y

2 15— 16 @—F —]

p— i > | 2l || = 1O s

4, Nonconsistent Spiral Scan

Examples of Consistent and Nonconsistent Ordering

Mg. 2

24.




GA/FPhys/63-8

for the Liricnlet difference equation * for a rectangle and
some of ner results have been displuyed in Table 1. (Ref 7)
These results are generally considered inconclusive since

she chose to use a measure of convergence criteria of
W LD - U] e 2%
whioh proved to be relatively insensitive (Kef 4:259).
Lonvergence
The question of convergence 1s simply covered by the
following quotation. "The power of Young's method lies in
its acceleration of the rute of convergence of an already

convergent process, not in any ability to create a conver-

gent algorithm,..." (iHdef 4:254).
The Adapted ANegstein Convergence Iechnigue

The legstein Technique
The true degstein technique, which is the basis for
this second method of accelerating the method of successive
displacements, was originelly developed for accelerating
the iterative solution of a single equation-not a system
of linear equations. If the problem is to determine the
solution of
F(xy=0 (28)
one may often express the equation in the form (Ref 8:9)

X = §(x) (29)

*See "Derinitions," Appendix C
&5,
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Table 1

Sample Results of Solution of the Dirichlet
Difference Equation by

Congistent and Nonconsistent Orders
Nunmber of Iteretions

Order® Using Cptimum @ |With @ = 1
Consistent
Serial ® 24 146
Even-0dd © 30 146
Nonconsistent

Ordered by rows,
direction reversed 43 148
for ecoch row

Spiral® 41 147
Random selection 33 149

Spiral border,
rendom interior 36 147

This data is extracted from reference b

2 The problem wes 14 nodes along the y axis and 6 nodes
along x

b this scen sequence wes: U(1,1) to U(1,14), then U(2,1)
to U(2,14), and so on to U(6,1) to U(6,14)

€ Starting with U(1,1), the points for which i+J is even

were computed Tirst in sequence., Then returning tc U(2,1)
the remeining points were computed in secuence.

9 U(1,j) was taken for § = 1,...,14; then U(i,14) i = 2,3,4,5
then U(6,j) for j = 14, 13,..4, 2, 1; thex U(i,1) fcr
i=5,4,3,2. This pattem wes then rereated starting with
U(2,2% to'U(2,13) ete.

26,
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Then an iterative solution can assume the following algorithm
(m+1) (o
X = fiIx
[ ] (30)

Alternately, if F(x)=0 cannot be written in the form given

by equation 29, the algorithm

x(m.m - x(m)+ FE(xon) (31)
where /"#0 is some appropriately chosen constant
can be used.

Assuming F(x)=0O has a solution, the normal iterative
process is to assume a value of X= x(o)' use this value in
equation 30 (or 31) and solve for X, en X" 15 used to
tind X®and so on until the absolute value of the residual
(1.6, [x(M*+D _ x(™)] ) {4 less than some specified cri‘erion.
ihe sequence of values of X("owill show any one of the follow=
ing characteristiocs (ief 8:9)

l. Osoillate and converge
2. Usclllate and diverge
3. Converge monotonically
4. Diverge monotonically
To obtain the accelerating technique, the basic iter-

ative equation is modified to give (Hef 8:9)

Q (1) - 3;('(0‘) + (.-X)X(m") (32)

where q is the acoslerating factor
the tilde (~ ) indicates a value computed by the
accelerating technigue

e7.
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Negstein states that with the appropriate selection of "q",
one may cause convergent cases to converge more rapidly and
divergent cases to become convergent.

The procedure used is best described by a dlagram of
the process (hef 8:11). This diagram is provided in figure 3.
Sturting with the estimaste x™=-x®¥> , compute an improved
value X(™Vyging x=§[X™]. on this first iteration, the
modified form (equation 32) is not used and the values for
the next iterution arz set up thru the center path on the
diagram. On subsequent iterastions, the process loops thru
the outside loop until the residuals are as small as desired.

The derivation of "q"™ may be described in the following
manner (Ref 8:9-11). "Geometrically, the solution of % =$§(x)
amounts to the problem of finding the point of intersection
P (see figure 4) of the curves Y=xand Y=§x). The
iteration X‘”"""=5[X‘m’] can be represented graphically as
follows, Pass & vertical line through a point x6v\)' x("“] on
4= X 8o that it intersects the curve y:§x) at some point
A with the coordinates [X(m;'xmm] " |

"The ideal location for ')\Z(m*"ot‘;('(‘“*‘):s;(m +(|—3)x(""+')
on AB would, of course, be the intersection point C with the

normal to AB drawn through P. Thus, 'q' should be chosen

such that % B?:
___.._.—' i 3 = -‘_E- (33)

£8.
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S

Jer:
x(m= Xe

R=R|

Sev;
X ) _ ¢ (i)

t:
i("'rh - ‘{(ﬂ‘-\

’)‘(’(NQ = Y+ )

Solve ;
x(«w) i&(m}l

Mg. 3

Schematic Diagrem of the Wegstein Technigue
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!

'1+
§[x 4
W) 5‘."‘“&
A
Y= 50O
- X
Mg. §

A Graphicel Represemntation of the Wegstein

Accelerating Factor
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To determine 'q' approximately, observe that FC=2BC and
-a = Pc/AC (34)

where 'a' is a value of f'(x) betwecen 4 and P. Thus,

-a = 73%_ (35)

3 = —5_%7" (36)

or

Since a more convenient expression is lacking, 'a' can be

aprroximated by a suitable difference quotient”
Q x 55((“"]-55(&")] w1 _ y (™)
~ x?m) _x(M-N ~ yim) _ ym-) | (37)
A variation of the above is to compute a new value of

"g" after each iteration using

x(m.-H) — xfm)

TG (38)
Adaptation to Simyltaneous tquatjons

xaplan and Clark used the basic wegstein technique and
through a series of experinents empirically adapted it to
the solution of the system of equations resulting from the
implicit finite difference representation of the equation
of transient heat transfer. The forms of the equations used

are identical to equations 32, 36, and 38

G(cmn - 8 ﬁ(m.) + <"8) U(mw) (39)

where

- QL
8 Q-1 (40)

31.
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U (M.'H\_ U(M)

- 6(0:)_ G-(M-;) (41)

The basic solution procedure used is the metnod of successive

a

dispincements (nef 6:60).

The steps of the adapted process is presented in sixpli-
fied diagremmatic form in figure § (xef 5:10). Jn the first
iteration, the initial values are set up but no acceleration
is attempted. Inis process of setting up but not accelerating
the solution is continued until the solution proceeds to a
specific number of iterations. This number is predetermined
prior to running tane program and is input data to the computer.
dhen the appropriate iteration for the first application of
the technique has been reached, a slope "a"™ is computed for
each node, tested to insure tnat it is less than one and
greater than zero, and if the criteria is met, an acceler-
ating factor "q" is computed (KRef 6:80). This valus of "q"
that has been computed for each node is further tested to in-
sure that it does not exceed a given maximum velue and if the
value exceeds the maximum, "qo" is get equal to the maximum
value. ohould "q" not exceed the maximum, the value computed
from the slope is used. 71hen the value of "u" resulting from
this test is used to accelerate the solution using equation 39.
‘he accelerated value of temperature then replaces the value
coaputed by the method of successive displacements in the
computer meaory ana the process procseds to the next node.

Should the slope test fail, the accelerating technique is not

38.
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[Eonputo U(nel) by
|Successive Displacements

U * T(n1)
U(n+l)sU(n)

ompute

aad(n+1)-U(n)
| Sm-Fa-1)

Ses

——
q= Ppresst max

Meg. S

U(ne+l)al(n)
Ten)e¥in1)
U(ne1)el(n)

Set
U(mel) =
Yne)

3

Compute

Wnel) = gU(n)

+(1-q)U(me1)

Block Disgram of the Adapted Wegstein Technique
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applied and the value of temperature computed by successive
displacements is used in subsequent computations. £follow-
ing this initial application of the tecanique to selected nodes,
the pertinent tests and appiications of the accelerating
factor are only made at a repetitious interval of iterations
specified by an imput to the computer (e.g. once every five
iterations). For those iterations wnen the tecanique is not
applied, the value o! temperature computed by the method of
successive displacements is used as before the first spplica=-
tion.

In the process of refining this adaptation of the wegstein
tecanique, haplan and Clark made the following cobservations
on the size of pertinent parameters.

l. The correct iteration to apply the technique
is when the value of the slope “a™ is greater than zero or
less than one.

2, If the technique is applied too soon, the solue-
tion may actually be slowed down. Kkaplan and Clark provide
the following oriterion for the first application of the
technique. The initiel application should be made on the
iteration which is equal in number to the depth of the deepest
node from the boundary (fef 5:6). ror example, a one dimen=-
sional problem of 30 nodes has the deepest node 15 from the
boundary, so the injtial application of the accelerating

teohnigue is made on iteration number 15.

34.
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3. The solution may also be slowed down if the tech=-
nique is applied too often. This result is attributed to the
fact that "the slopes of all the functions do not ssttle down
immedistely" (Ref 5:2). The oriterion suggested for frequency
of application of the technique is given as one half the dis-
tance to the deepest node from the boundary (Hef 5:6). Thus,
for the example in paragraph £ above, the technique would be

applied every seventh iteration.

4 Comparison of ouccessive Overrelaxatjon and the adapted
fAegstein Technigue

An apparent similiarity between the method of successive
displacements ana the adapted Wegstein technique ocan be demon-
strated. This relationship may be shown as follows.

For convenience let

USS” = UGK 2 2+at)

as computed by the method ot successive displacements. Then

the equation used for overrelexation may be expressed as

n+1) (m
U((mh, Ltal) = @)[ugo“ ]+ ("Q)U (4.2, £4ak) (43)
The equation for the adspted degstein technique may be re-

written in the form

~ ’ ~ I
U (:tas\z,bmt) = (1-3)['0;?0]*8%‘.%,2.&0 (44)

Assuning a correspondence between U&E}a,z,z+at.) and
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U (E:\“d g,£+4L) , it can be seen that

o = 1—8 (45)
since, furthermore, it is known that & is restricted to
values between 1 and 2, it would follow that for the relas-
tionship between "q" and @ to hold, the range of values of
"q" would be

- <Z<O (46)
{he fact that q is negative is cousistent with the findings
of Kapian and Clark (ref 5:5), &Kaplan was not as restric-
tive on the maximum negative value of "¢", however. de
presents one seriss of runs where "¢" was restricted to
values between -1CC and O,

Further eviience of a potential tie~in bstween the two
methods of scceleration is fournd in the discipsion ¢f estie
asting the relaxation factor by rubning with @=1 to
obtail an estimate of the maximum eigenvalue lz.(n e a8 pre=
viously shown, the optimum relaxation factor may be found

from the equation

2
e = (20)
@er !4 (/—;Zf")'/‘
In additton.'z.(')my be exnrgssed in the expsnded /rorm
' (mez) Mme)\& | /2
(\)- M “(U Ul. (47)

Mvoo Y& _ 1y (< \2 172
£ (0C-p 7
Now. since /<@Wepe<2 from equation 2C above, the limits on

"[: can be shown to be
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0g(1-p) )% <
¢,

or since (1-R%’)*1s positive,

O¢(1-Rp) ¢l

14 -Rh %0
(48)
lz2n 20
By comparison, the equation for tne slope test of the adapted

Wegstein technique is given by
yhwn g

Q= ﬁ ™y ﬁ (M=) (41)

The siniliarity between tui: e..,. squation and the eyuation
for rf?ia obvious. An additional similiarity is found in
the fact that Kaplan experimentally determined that the slope
should be restricted to values between O and 1, which is
compatible with the restriction on Vz.

Though thers is a definite similiarity in the way qf)and
"a™ are computed, a major difference lies in the method of
application of the fector computed from "a® and 9’. In the
adapted negstein technique an accelerating factor "q" is oom-
puted separately for each grid point, while for overrelaxa-
tion the same relaxation factor is used for all grid points.

Further evidence that the two methods are closely re-
lated can be derived using an expression for accelerating the
convergence of the method of successive displacements given

by V. N. Faddeeva (Hef 3:241). der expression is

49
= (49)
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where X is & vector
}L,ia deterwinea from the ratic of the comrenents
of tae vectors XM - XM pg XV _ g (m-1)
oince tne notstion is in vectors, consider an n ccmponent

vector for i.

(x ] [ x™ [ .‘“’
ok x:‘:‘ J xf“’"ﬁ x{(“’) (50)
L% D] - m.
X. 3 ~ 1(3. + '—‘-72; Xg\' ) X.3
o] fo,"“" L x™

tguating the first component

X, x x™ , _1 (x.("‘“)— X{""]

- (51)
rationalizing and rearranging
)
X, = (1-p ) X704 x 0 _ [
- Ky
v = [ ]x'(mn _[ )z ]X{W (52)
I= (& /I~ K,
Now let
(-w = ;-‘é‘f'l— {53)
th’n - #’I — Al“ﬂl +/ ’
#/-I - ﬂ/ -/ #l—/
@ = ! - (54)

/- /lw
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Substituting these expressions into eguation 51, one obtains

m
X, x @x‘™" 4 (1-@yx™
(55)
which is the form for overrelaxation.
Alternately, let
!
8 % = (56)
then "8 . é;,/ - ,a,-/-,:c, = - /
2% AL A (57)
so that one may write equation 51 in the form
(Mm+1) (m)
’ '\-\: /- xl
X, x ( 5)x. +3 (8)

whioch is, of course, the form of the adapted +wegstein tech-
nigque without the tildes (V).
As 1in successive overrelaxation, /,is described as the

largest proper number (eigenvalue) of the matrix ﬂ,whoro

A =(i-B)'C (59)

A% +F (6C)

and B and C are the triangular constituent matrices of the
matrix A of the system

%= Ax+ F _tea)
Though the system under consideration is of the fom lﬁ]:fi
it can be simply demonstrated that this form can be rewrit-
ten in the form of equation 60. (see Appendix B)

39.



Ga/khys/63-8

heturn to the assumed correspondence between
U{??%,Z,t-ﬁ-dt.) and ﬁg:,\(a,i,t-bdt) . A8 pre-
viously descrived, tne tilde (A)) indicates a value computed
by the iegstein technicue as differentiated froa a value
computed by the method of successive displacemepts. In a
-sense, the Ifg:ha,z“£+atb value of cverrelaxation should
also heve a tilde since it represents & value computed
using the accelerating factor @) . This analogy is not as
straight forward as it seems, however. The Vegstein tech-
nique as adapted by Kaplan and Clark is not applied at
every iteration, wherees the overrelaxation factor is.
oince for those iterations wanere the vegsteiun tecnnique is
nct applied, the ﬁ“"‘u set equal to the Uc"v)nlue, if the
application of the JWegstein technique 1is restricted to
every otner iteration, the tilde loses its significance.
Further, if application of the technique is restricted to
every fourta iteration, tne tilde loses itas significance
in the equation for computing the slope "a”. O5ince the
frequency of application is usually equal to the number of
nodes to the deepest node from the boundary, and a problem
only four nodes deep 1s quite small, the frequency of ap-
Flication is generally greater than every fourth iteration.

One more important point must be made. The Wegstein

technique for a single equation cen force convergence on e

divergent iteration process. #hen, however, the method was
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adapted to solution of a system of linesr equations, no de~-
termination was made as to whether convergence could be
forced on a diverging set of linear equations. On the other
hand, the metnoa of successive overrelaxation cannot foroce

convergence on a diverging set of linear equations.
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IIl. irocedures

u‘omgu ter rIrogre

The basic computer used for this study was tne IBM 1620
with associated IBk 1623 additional memory unit end 15w 1622
card reader/punch. The 1€Z0 proved to be a relatively slow
system and some of the computer runs would have tagen an ex~
cessive amount of time on this system. 1o circumvent this
situation, the IBM 7090 computer of the ~eronautical Lystems
vivision was employed for thne longer runs. 4As {t turned out,
the IBX 709¢ using the relatively new FOKTRAN IV programming
system proved to be well over 100 tines faster than tane 1Bk
1620 for the programs run. JLack of funds prevented exclusive
use of the IBM 7090, however.

The FORTRAN language system and 1ts variations were used
for programuing; ¥O«Thai 11 for tne three dimensional pro-
grams run on the 1Bk 1620 and rORTRAN IV for the IBX 7090.
rertinent programs are included in appendix V. It should
be emphasized that these programs were written in the sinm-
pliest possible manper consistent with the requirement to
provide an accurate specific set of data. No attempt was
made to generalize a given program to fit a number of sit-
uations. The individual programs were not specifically
reviewed for possible revisions to reduce running time or

required memory spaces. The single exception is the program
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for the analytiocal solution of the sample problem., iunning
time was particularly critical on this program, 80 it was
thoroughly reviewed to insure that the program steps pro-
vided the fastest solution procedure consistent with FORTRAN

language.

Standard Used for ‘omparison of Speed of Convergence

From the discussion above, one can visualize the diffi-
culty in using time as a measure or speed of convergence.
The problem is further complicated by the fact that different
computers may do a given operetion in different ways and in
different times. Thus one must, so to speak, nondimension-
alize the rate of oonvergence and machine time to solution
to have a meaningful standard. This is generally acoomplished
by using the number of iterations to solution as the standard
between iterative procedures rather than time, An iteration
is defined as the computation required to make a single 1o~
provement in the values of g}l unknowns. 7This study uses the
number of iterations to compare the various methods in rate

of convergence.

Deternining the Helexation Factor to Use for sSuccessive
Qverrelezation

Since there is no general method for computing the optimum

Telaxation factor (@ ) prior to the start of the iterative
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process, there is a problem of what factor to use for over-
relaxation in the comparison of metancds. lhe emphasis in
this study is on the practical arplication of a given method
to the sclution of the transient neat transfer probdblem. Thus,
to be practical the metnod of obtaining the relsxation factor
(@) should be automated to the maximum extent possible and
should require a minimum amount of prior knowledge of the
succesaive overrelaxation prooess by the using engineer. Of
all the msthods suggested for estimating @ , the estimation
of the maximum eigenvalue by running with@=! fits the above
critefia better than other methods discovered in the litera-
ture. This method was used to provide the number of itera-
tions to solution for the metnod of successive overrelaxation,
‘ihe above saelection does not preclude an interest in
what successive overrelaxation can do under optimum condi-
tions, however. 1o determine the optimum factor needed for
optimum overrelaxation, a plot of iterations versus various

relaxation factors was used (ses page 1lt).

sTTOT Meggurement

Since there usually is no exact procedure for determine
ing the error associated with a given finite difference ap-
proximation, a common procedure is to select a problem with
an analytical solution to use as the standard for comparison
with the finite Aifference solution. This procedure was

adopted in this study.
44.
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Ihe Sample rroblem imployed

Adgain using the criterion of practicality, a three-
dimensional problem was chosen, An analytical solution
for a three-dimensional problem for heat transfer over a
rectangle with a constant internal neat source was found
in literature. specifically, if heat is produced for t>0
at the constant rate Q per uuit time unit volume in a rece
tangle of dimensions x=b, y= ¢, z=d and the surface is
kept at zero degrees, then the temperature over the region

O<x<b, C<y<ec, O<z<d is given by (hef 1:363)
0 ” ”
W= _‘Lg-_%.
20 rm OM:O

Sen {(Mﬁ)j_; ISCn {(2m4o)-é}5&n {(Zm-n) '%,‘}(:—é“t )

(202+1) (2rmm+ 1X2m+1)

- 2ol @e+N? ) 2m+1
%= I a’["‘BT + Gmpl ) Gon ]

vhoosing to work in three dimensions did limitv the size

where

of the problem to be solved due to the limited storage capa- *
oity of the IBM 1620 system. W“hen the above probdlem was

solved, a cube one centimeter on a side was used for the re-
gion of interest. It was then necessary to use symmetry to

permit selection of grid sizes as small as 0.1 om,
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Diffusivity (a) and conductivity (X) were chosen as
1.0 cm®/sec and 1.0 cal/cm-sec-°C respectively. These
values approximzate the parameters for copper whose true
values are 1.14 cm’/sec for diffusivity and .93 cal/cm-
sec-"C for conductivity (Ref 1:497). The source strength
(0) was limited to 2000 cal/cm -sec to permit final temper=
atures within the region to be of a physically reasonabdble
size. Unless otnerwise stated, the above values of a, i,

and q were used in all the solutions obtained.

Comparing Spiral Versus verial ocan

If the size of the residuals are observed after each
iteration, one immediately notices that the residuals for
points close to the fixed boundary conditions meet the con-
vergence criterion much sooner than those furtherest from
the boundary. Intuitively, one could see where the repeated
use of at least one “"correct™ value for the adjacent nodes
to compute the value of the point being considered coulad
conceivably hasten the convergence of this point to the
desired solution. Thus, it seems logical to assume that any
scanning procedure which would use all the boundary values
as soon as possible in the solution sequence would converge
fagter than a serial scan. The optimum scan for achieving

this condition is to spiral ianward froa the boundary.
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The particulsr spiral scans used ure shown in figures
6 and 7. As one can see from the figures, the taree~dimen-
sional case where ayumetry is used ca=n be classed as a con-
sistent scan (see page 22), while the full spiral used ix
the two-dimensional case is nonconsistent. Llhe fuil spiral
case was regtricted to two dimensions by the lac¢k of storace
capacity of the IBM 1620 system used in the computations.
The perticular full spiral used was chosen to perumit maxizum
use of the "DO loops" of the FO..-TRAN language system, thereby
achieving a degree of simplicity in the program.

Ahile testing various types of spirals for consistency
prior to the choice of the one to use, a conclusicn was
reached that all full spirel scans are nonconsistent. JIais
conoclusion is based on the following fact. a8 one proceeds
normally inward from the boundary following the direction of
the higher numbered points, the elementary squares of the
mesh show consistency in the region close to the boundary.
Anen the center of the grid 1s aprproached, nonconsisteuncies
develop due to the changing direction of the hizher numbers.
un the other hand, consistent orders exhibit the property of
a gsingle general direction for the progression of hignsr

numbered grid points.

Ihe Method of Terminating the lIterative rrocess

47,
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The iterative process is generally concluded by measur-
ing the size of the residvals and terminating the progranm
when the size of the residuals meet some predetermined cri-
terion. Some possible criteria that may be used are:
1, HKequiring the average of all the residuals
to be less tnan soms specified number.
2. sequiring the sum of the residuals to be less
than some specified number (seec page 22).
3. nequiring the individual residuals to be less
than a specified number--if one fails the test, all fail,
The fact that all residuals do not converge at the same
rate has been mentioned on page 44. In methods ]l and 2 above,
any major inbalance in convergence rate could result in a
relatively large inaccuracy in the points which converge at
the slowest rate. In practical applications, method 3 is
used to avoid this potential inaccuracy. Furthar, method 3
is the most sensitive measure of convergence.
In view of the above, the convergence coriterion used
in this study 1equired sll points to be less tLan s given

nunber or a new iteration was begun.

Selectjon of the Initjal rstigate of Temperstyre

A good initial estimate of teaperatures throughout the
region of interest could reduce the number of iterations

required to solve the problem by the method of successive
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displecements and the two accelerating techniques used in
this study. All runs were made with an initial estimate
of zero degrees for the temperature of all internal grid
pointas, however. aside from reasons of standardization
among solution procedures, starting at zero removes any
soreening of the convergence of the running computation of
relaxation factor (using W =1) by differences in accuracy

among the estimates of temperatures at individual points.

Eroceduze for the Attewpt to Force Copvergepoce Using the
Adepted Wegstein lecbnique

A quick check was set up to investigate whether the
adapted Vegstein technique could force convergence. The
teat was to use the adapted #egstein technique on the
following set of eguations which were known to give a divere
gont solution when the method of successive diasplacements
was used in an attempt to solve the system.

X, +2X2 - 2X3 = |
X, + Xeg + X3 =3
2%, +2X2 + X3 =5 (e3)

This set is, incidentally, a case where coavergence
ocan be obtained using the method of simultaneous displace-
ments (see footnote page 12).

S1.
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IV. hesults

Serial vsrsus spiral Scan

The results of the comparison of the rate of conver-
gence of a spiral and serial scan are displayed in tables
2 apd 3.

There was no observed advantage in the use of the
consistent semi-spiral scan using symmetry as applied to
the three dimensional problem, since the number of itera-
tions remained the same for both serial and spiral scan
even when the convergence criterion was tightened until
the computer out-off rounding procedure caused all residuals
to become zero.

¥hen u two-dimensional problem was solved using a
nonconsistent full spiral, some small saviungs in iterations
did occur for the spiral scan. Furthermore, as the grid
size (h) was decreased to cause the solution to converge
more slowly, the savings in iterations snowed a slight

increase.

Determining the Optimum ifelaxation Factor

Plots of number iterations versus relaxation factor
are shown in figures 9 and 10. Figure 8, demonstrating the
progresas Of the temperatures at the center of the cube with

increasing time, is also pertinent to this partioular dis-
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Table 2

Iterations to Solution for a Serial Sean snd
a Three~Dimensional Semi-Spiral Sctn

Scan Total Number of Iterations
Type
0.005 0,00005 less then 10
Serial® 91 145 195
Spiral“ 91 145 195

Residual Size

1.0 0,05 I 0,005

Serial 3 51 o7
Spiral ® 3 51 67

@t =2,080; hy=h =hy, =0.cm
®t = 0.2 sec; by = hy = hy = 0,125 cm
Solutions by the method of succéssive displacements
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Table 3

Iterations to Solution for a Serial Scen and
a Two~Dimensional FMull Spirel Scen

Scan Total Number of Iterations
Tyre Residual Sige

Serial

Spiral® 67 21
Serial ¢ 80 6as

@ = 0,2 sec; hy » b, = 0.1 om
® t = 0,2 8e0; hx sh = 0,05 em
€ ta0.,28e0; h hy = 0,025 om

Solutions by the method of succeesive displacenments

54,
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oussion. This figure shows that the temperature has essentially
reached a steady state value after only 0.2 seconds for the
paramsters a, K, and & used in this study.

Figure 9 clearly demonstrates a dependence of the relax-
ation factor on the time variable by the shift in the optimum
factor for the times of 0.0l and 0.5 seconds., The point that
the optimum factor is the same for 0.5 and 2.0 seconds is ate
tributed to the fact that for these times the temperatures
within the cube are at their steady state values. This is
further confirmed by figure 10, where there is only a small
shift in the optimum between C.2 (nearing steady stete) and
2,0 seconds (well into steady state conditiomns).

A space dependence of the relaxation factor is demon-
strated by a combination of the two figures. For a time of
2.0 seconds there is a shift in the optimum factor between
the case of unequal grid sizes for the three coordinate

directions.

Comparing the Accelerating Factors of the Adapted Wegstein
Teohnjgue and Successive Overrelexation

Figures 11 and 12 display the results of making a run-
aing estimate of the relaxation factor while iterating with
the method of sucoessive displacements. The relaxation faoc-
tor @ was oonpdtod for each iteration using the current

estimate of the maximum eigeunvalue ?3 This eigenvalue was,
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in turn, computed in three different ways: as the norm of the
residuals {(equution 21), as toe first power norm of the resid-
uals (equation £3), and us the averuyge uf the Aegstein slcpes
computed from ‘g G.L/number of interior nodes. Figure li is
for equui grid sizes, while figure 12 is for the more general
case of unegual grid sizes.
The importent features displayed by figures 11 and 12 are:

1. The use of tne norm of the residuals to find the
optinum factor converged rapidily and smoothly to a value that
was less than the known optimum.

2. The procedure using the first power norm con-
verged to a value closer to the optimum factor (once to e
value greater than et and once to a value less than Wopt )
than the method using the norm, but at a slower rate. In the
case of equal grid sizes, for example, if one were to accept !
a value of @ as the relaxation factor when @2 @™-¢ 40 |
then, using the norm would provide a value in 12 iterations
while the first power norm does not meet this criterion until
after 16 iterations. |

3. The average value of the slopes does provide en \
f(f'). and therefore, an @ which converges to the same value as :
the method using the norm. The convergence is slower, however,
To meet the same criteria as used in item 2 above, 21 iterations

would be required.

TR PRI g S
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At the seme tize the above data was computed, the
individual slopes o1 the interior &rid points were observed
every fifta iterztion. fhe primary observaticne of ioterest
are:

l. All the individuel slopes converged to the
salte value snd this value was identicel to the msximum elgen-
value obtained by use of the norm of tne residuals.

2. The individual values of the slopes ccnverged
in aifferent ways und at different rates. Clarscteristicelly,
the points nearest the boundary which normally were the
fastest to errive at a solution (i.e. meet the convergencve
eriteria for the residuals) started at velues of sliope con-
gsiderubly below tne finasl value and converged ruther slowly.
vn trhe otner nsnd, the points furtherest from the boundery
wnich ure ncrmally the lsst to reach a solution, sterted
witn values of slope greater than the final velue &nd con=-
verged faster than tne points clcse to the bcundary. This

fect 18 displayed in figure 13 for two extreme grid points.

Jubservatjons on the vharacteristics of tne Convergeunce of
the »olution for the ihree rrocedures Used

Figure 14 18 a plot of the progress of the solution with
increusing fterations for the node in the center of the cube.
The higher vate of convergence for the two accelerating pro-

cedures is to be expected., The signilficant point displayed
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by this figure is the contrust between the modes of convergence

of tne twe =ccelerating procedurss. as in the case of successive

dispiacements, the solution by successive cverrelaxation con-

verges througrn a smooth picgression of values of temperstures.

ln contrast to this smootn progression, the comvelgence of the

adapted wegstein technique is ragged with spurts of accelera-

ticn followed by & smocthing process. This raggedness is due,

of ccurse, to the intermittent aprlication of the degstein

tecnnigque. Note that as the solution approeches the final

value eacn application of the wWegstein accelerzting factor

tends to cause the solution to overshoot the finel value.

This 1s taen followed by & perivd of use of the method of

successive displacements which pulls tne value back toward

the firal temperuture. =s»s & mstter or fact, fer every solution

obtaiped by use of the acdupted vegstein tecrrique the process met

the convergence c¢riteria snc the program terminated on an itera-

tion that was computed by the metnod Of successive displacements

and wes zbout two-thirds or more of the way along towzrd the

next application of the tecarique. ror instance, in the solution

displuyed in figure l4 tne process storped on iteration number

06 where the lest prior application of the teckinigue was on

iteration number 54 with the next application due on iteration 6€0.
There is some danger of misunderstanding being cre-ted by

snowing only one grid point in figure l4. une must recognize

that the over-acceleration does not nave to occur on the individ-
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ual grid point to cause an overshoot. Llhe computational pro-
cedure uses adjacent grid roints to calculate the temperature
et the point of interest, so any over-acceleration of a neurby
point will produce = siwgrificant effect on adjacent nodes and
a aiminishing effect as one moves away from the node thet wus
over-accelerated, Thus, tnere is an interrelated ceuse and
effect relatiomsaip tnat 1s rot apparent from figure l4.

One adaed point must be cited, with the parameters se-
lected for soluticu 9 the sample problem, the rate of con-
vergence to solution turned out to be higher than desired to
demonstrate tne effects of acceleration. [o circumvent tais
situation, two basic procedures were used to increase the
number of iterations. oince the available memory capacity of
the IBM 1620 prevented decreace of grid size below 0.1 om,
tighter convergence criteria than one might expect to choose
in a practical problem was used. oecond, the span between
initial estimate and fibnal tempersture was maximized by using
times that brought the temperature near or well into steady
state conditions. Increasing the source strength and there-
fore, the final temperature had a negligible effect on in-
creasing iterations Jdue to the increased contribution of the
a terw of equation 10 to the size of the temperature step for

each iteration.

uffectiveness of the Accelerating lechniques
Table 4 shows the results of solving the sample problem
66.
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Table 4

Results of Accelerating the Method of Successive
Displacements by Using cessive Overrelaxation or

the Adapted Vegstein Technique

Iterations Convergence ~ Savings
Tten Criteria
Method Foun 1%] Fun 29| Ran 1 | Run 2 | Run 1 | Run 2
80 91 .005 [.005
Successive
Displacements 145 - - 00005 - ==
Overrelaxatitm| 29 32 .005 1,005 64% 65%
with known 48 .00005 67%
Qeprimum
g
Overrelaxation| 42 47 .005 |.005 48% 48%
by Estimating 69 00005 52%
@ While Run-
niﬂg with @=!
Normal e 58 %
| 58 .005 |,005 28% 36
Y retn 89 .00005 308
Technique

“Por these runs, t = 0,2 sec; at = 0,2 sec; all grid sizes
were equal at O,1 om

t'It‘o:l- these rms, t = 2,0 sec; at = 2.0 sec; all grid sizes
were equal at O.1 cm

cl’he ogt:lnmm values of the relaxation factor for these runs
were taken from figure .

dwhen @™+ @™ <00/ the running computation of @ was
terminated and the current value of ¥™¥was then used to

continue the solution by reguler overrelaxetion., @ wes
computed using.the norm of the residuals to find Rf",

e
The deepest node was six from the boundary, so the tech-
nique was first applied on the 12th iterstion snd on
every sixth iteration thereafter. q was restricted to
8 maximum of -100,
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for two different times using the same grid size for both
problexs. Thne primary items of interest in this table are:
l., wouccessive overrelaxation using tne optimum relax-
ation factor showed the fastest rate of convergence witn
savipgs in iterations of the order of ¢5% over the method

of successive displacements.

2, olgnificant savipngs did result from the more practi-

cal procedure of making & running estimate of relsxation
factor from the residuals of the method of successive dis-
placements.,

3. The adapted “egstein technique was only about 57»
as effective in accelerating successive displacemerts us
overrelaxation with the rumnning computation of relazation
factor,

4, nycept for the cese of the adupted wegstein tech-
nique, savings remained essentially constaut between runs
using the same convergence criterion. In the case of the
adapted Wegstein u significant increase in savings (8p)
occurred for the run with the slower rate of convergence.
This is due to the ragged nature of the convergence of the
adapted degstein technique.

5, 4ll methods snowed a slight inocrease in savings
for a decrease (tigntening) in convergence ocriterione

Since the two metnods of computing a running estimate

of the optimum relaxation factor (first power norm and norm
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of the residuals of the method of successive displacements)
had approximetely ecual retes of convergence, a comparison
of the two methods wes mude. Table 5 displays tnese results
anc sbows that the first power norm further increased tne
savings in iterations over the procedure using the nora. It
is obvious tnat though the first power norm was sliyghtly
slower converging to a final value of relaxation factor, the
fact toat this method produced a better estimate of the

optimum factor than the norm overcame the slower start.

foreing vonvergence witn the adapied Negstein lecnnigue

Figure 15 displays the results of attempting to force
convergence on tne set of tnree simultaneous equations given
in equation 63. unly one of the three unknowns is plotted
since the iterative solutions exhibited the same general diver-
gent characteristics,

Initially, the normal procedure for using the adapted
degstein tecnnique was attempted with the initial applica-
tion on the fourth iterstion and every other iterzstion there-
after. 1ihis procedure completely failed because tne diver-
gence was such that the slope test falled in every attempt
to appiy the technique. Llhe process was terminated after
1C iterations.

A second attempt was mede using the same frequency of

applicetion as in the rfirst attempt with the slope test deleted.
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Table &

A Comparison of Methods of laking a
Running Computation of Relaxation Factor

for Use with Successive Overrelaxation

Method of Making the Iterations |€ Savings (%)
Running Computetion of @ [p 1‘ R 2| Ron 1lman 2
First Power Norm© 40 43 50 53
Form of the Residuals® 42 | 47 48 48

% Por these runs, t = at = 0,2 sec; all grid sizes equal
at 0.1 cem

b For these runs, t = at = 2,0 sec; gll grid sizes equal
at 0.1 om

¢ See equation 23
I See equation 21

¢ a1 savings compered to the method of successive dis-
placenents

All convergence criteria were 0,005
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The results obtained are the ones displayed in figure 1l4.

In a third attempt, the technique was applied at the
second iteraticn and on every other iteration thereafter,
tThe slope test was again deleted. 4+hese results displayed
the same osclileting divergence as the second case.

Finally, an attempt wes tried using the same frequency
af appilecation as the third case, but this time the slope
test was used again. ‘ihe siope test still prevented the
application of the accelerating technigue and the process
was terminated after 10 iteratioas.

Though tae solution continued tc diverge, there was a
cnange in the mode of divergence when the adapted Jdegstein
technique was applied. W#hen an attempt was made to solve
the system using only successive displacements, the solutions
diverged monotonically. #with the use of the adapted wegstein

technique, these solutions became oscillating and divergent.
nrror

Table 6 compares the error at selected grid points re-
sulting from the taree solution technijues used in this
study. 4ne iazportant points are deamounstruted by this table:
l. 'lhe solutions for tne successive overrelaxation
and adapted ¥Yegstein metnods are more accurate than the method

0i successive displacements. This 1s a result of the technique

72.
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used for terwinating the iterations. Using the residusls

a8 tae meusure of convergence results in more accurate
answ2rs for a rapidily converging solution than for e slowly
converging one. Figure 16 demonstr=tes tanis caange of con-
vargence error due to a change in convargence rate. In ths
results shown in table 6, this effect is somewhat moderated
by the rather tigat convergence criteria of (.005 used to ob-
tain the solutious.

2., The solutions for 2,0 seconds show about one-
fiftn of the error encountered for (.2 seconds. oince tne
time step for 2.0 seconds is ten times grecster than 0.2
seconds and truncation error * is a function of grid and time
step size, one would expect the reverse results. As pre=-
viously cited, at 2.0 seconds the solution is well into
steady state conditions, wnile 0.2 seconds is just approaca-
ing steady state. <1lhese results demonstrate the fact that
wnen one desires to use a transient neat transfar program to
obtain a steady state solution, the best results are obtained
with a time step tnat puts one well into steady state con-
ditions. Taking tne larier time step permits more complete

convergence of the iterative solution.

Testing a tievision tu the Adapted Aegstein Technigue

The apparent relatiorsnip between overrelaxation and

the adapted wegsteln technique suggested certain potential
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revisions to the adaptea wegstein tecnnique. A limited Q-
mount of time was avuiiable to look into possible revisions,
so the investigaztion was restricted to a relatively obvious
revision that one might make to smooth the ragged convergence
of the rcgular technique.

>Tne revision attempted was to replace @by its equi-
valent in terms of Q?’tsee equation 20) in equation 45 to

obtain a new expression for computing "q" of

2
= ! -
% I+Vi-a (40a)

Tnis equation, in conjanction with the slope test restrict-

ing values of "a" to 0O<a<1l, would keep the acceptuble
valiues of "o" within the limits specified by equation 46. It
was hoped that this revision would also take advantage of
potential offered by the individuality of the modes of con-
vergence of the slopes for individual grid points. as pre-
viously suggested, the nodes with the slowest rate of con-
vergence to solution have slopes thut converge through a se-
quence of values that, wnen used in equation 40a, would give
better g's as the values are greater than optimum. Since the
convergence was assumed to be smoother than the regular adapted
Negstein tecnnique, the acceleration was applied on every iter-
ation beginning with iteration six ror the first run with tais
revision. « second run was then made with the technigue ap-
plied every iteration beginuing with iteration two-- the earli-
76.
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iest possible iteration that values of "a™ ocun be computed.
The results of this revision are shown in table 7. The

complete failure of this revision was appsrently dus to a

combination of the small size of the q's used and the number

of rejscted slopes that resulted in unaccelerated nodes.

Computer Hunning Times

During the initial attempts to obtain an analytical
solution using the IBL 1620 computer, a wholly unexpected
difficulty arose. The time required to obtain an analytical
solution using the IBM 1620 was impossibly long. For in-
stance, it took 8 minutes and 20 seconds per grid point to
do the triple summation using equal maximum summation indices
of only 5. A graphical estimate of the time to do a summa~
tion with maxinum indices at 20 showed an approximate time of
two nours per grid point. Further, anothsr plot of solutions
versus maximum summation indices indicated taut the summa=-
tion indices should be at least 20 to obtain the three-place
accuracy desired.

This situation forced the use of the faster IBx 7090
system. The same problem solved on the 7(90 took only 13.5
seconds per grid point for maximunm indices of 20, and 38
seconds per point for indices of 30.

This incident prompted interest in other comparisons.
For instence, 1t took the 7090 only 49 seconds to solve a
two-dinensional problem of 400 nodes that took 218 iterations

7.
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Table 7

Tabhulation of the Effects of a Revision to
the Adapted Wegstein Procedure

Method Iterations
Number Savings"( %)
Reguler adapted Wegstein 58 36

Revined:b Apply techniqug on
every iteration beginning 72 21
with iteration 6

Revised:® Apply technique on -
every iteration beginning 70 ™
with iteration 2

Q Savin:s over the method of succesaive displaceuents

t’msing.; equation 40a in lieu of equation 40 to compute q

78.
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whereas, the IBM 1620 used roughly one hour and 45 minutes

to solve a three-dimensional problem of 125 nodss that took

only 91 iterations,
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V. cvonclusions apd hecommendations

vonelusions

It is appurent that the adapted vwegstein technique
and successive overrelaxation have the seme theoretical
basis. ihepri.ce differences are in the method of appli-
cation o the accelerating factor and the used/permitted
size of the accelerating factor.

The results obtained in this study lead one tc con-
sider the adapted i/egstein technique as a gross overre-
laxation procedure. This tecnnique apparently obtains
its scceleration power trom a series of gross overrelex-
utions of a few nodes and the ability of the method of
successive displacements to distribute this large accel-
eration to otasr edjacent nodes while pulling the value
of the overreluxed node becx in line. +he problem with
this procedure is the lack of control of the spurts of
over acceleration in the late stages of the iterctive
process, rHow one might control this to better advantage
is an unanswered question. The 1esults obtained when an
atterpt was made to smooth the acceleration terntatively
indicate tnat no simple revisior of the adapted wegstein
tecanique is going to provide a significant increese in
the ability of the procedure to reduce iterations. Llhere

is no intent to suggest that the method will néver approach

the metnod of overrelaxatior in total savings of iteratioms.
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The results obtained cannot surport such a conclusion. Lhe
best chance for improvement seems to be in the use of the
individuality of the convergence of the slope "a" of the
nodes, To use this characteristic effectively, however, one
must find a wai to isolate the disturbing effect on the
slopes of having the adjacent nodes accelerated. In this
way the slope test will not reduce tne number of nodes that
receive acceleration.

A possible procedure for isolating the slopes would
be to generate a matrix of q's on the nth iteration witnout
applying the technique. Then the q's genercted on the nth
iteration would be applied on the (n+1)st iteration. This
would be followed by a period of iterations by sucéesaive
. displacements to smooth the slopes. <+‘hen the same procedure
of delayed application oould be used again, and so on. Using
the normal method of computing q (equation 40) would permit
values that tend to overaccelerate, so that this aspect of
the adapted Wegstein technique would be retained. A disad-
vantage of this method would be the requirement to store
another matrix equal in size to the number of unknowas.

The results using the optimum factor are odbviously the
maximum savings that can be achieved by the process of
estinating ® for successive overrelaxation. It is also
likely that this optimum overrelaxation represents the max-

inum attainable savings for the adapted wWegstein technique,

8l.
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Yet, a chance series of events could cause & g¢ross over=-
acceleration early in tne prccess. +hen after a few iter-
ations cf successive displacements, taoe temrer:tures could
ve nrcugdt backs to a value near tneir final value before the
smpootner successive overrelaxation rrocess. he c¢sunot, of
course, build s procedure on the basis of chance, but the
results ootsined permit the speculation that it mignt bpe
vossible tu increase tne probability ot occurrence of this
chaknce.

fne adapted wegstein tecanique suffers from two other
signifiecant dissdvantages wnen compared with successive
overrelaxation. 4he tecnnigue requires a more complex prc-
grem and the storage of one adéitional mutrix of values
equal in size to the number of uaxnowns, vith computers the
size or the 7090 with a capacity of 4¢,CU0 words available,
the storege spuce required may not be a criticsl recuiremsnt,
inis does, nowever, restrict the use of the method to rel-
atively laurge ccmputer facilities. In view of these mecn-
anicel disadvuntages of rrogramning and storage, the adaptea
/agstein tecnnique would nuve to be able to produce greater
savings thnal the prccedure of maxing a running estioate of
the relaxatior factor b-fu -: tL3 techunique is widely sccepted.

For successive overreciaxation, the resuits indicate
that the pructical procedurs of making a running estimate

of reiaxation factor does result in significant savings of
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iterations. T[hesse results also indicate that tne best pro-
cedure to use is the fivst power norm wheb estimating the
factor. +ais is fortunate sincs the first power norm re-
quires less computastion thnan the norm because the residuals
are not sguared prior to summing., siore conclusive proof is
resuired, nowever. The simplicity of the sample problaa
could nave otiuized the convsrgence ol the tirst powsr norm,.
Vespite tne results, tae nore generul case could be that tae
usa of tane first power norm a2¢frades the procedure comparea
to the norm since the two were relatively close io tne re-
sults obtained. oSupporting tails assertion are the facts
that in the two cases of comparison tabulated, the norm did
reach a final value sooner and was consistently lower tnan
optimum waile the first power norm produced a factor that
for one run was greater than optiuum sna for the other less.
Despite the simplicity of the test to see if the adupted
segstein technioue can force convergence, one must conclude
tnat it cannot. Tais follows logically from the fact thuat
the adapted ~egstsin tecanijue nas the same theoretical basis
as successive overrelaxation and successive overrelaxation
nas been shown to be theoretically incapable of forcing cone
vergence. Furthermore, the technique uses and aepends heav-
ily upon the metnod of successive displacements which is a
significant difference from the +egstein technique applied to

a single equation. Thus, the adapted wegstein technique cannot
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force convergence if tne method of successive displacexents
diverges.

Since thers was no real br2ak sway of one method in
the results obtained for the comparison of s=rial and s¢iral
scans, the results seem inconclusive, oun the other hana,
the results can support a conclusion tuat no cnange in scan
procedure will produce a significant esccelerztion of tae
solution by successive displecements.

vespite thelr linitations, rower's results sugeest the
second possivle conclusion., Her results show only a small
increment of chanze in the number of iterations by successive
displacements for the vari_us scan procedures used. ials 1is
consistent wita the results obtained in this iovestigztion,.
'‘he absence of a source of accslerction from a relaxation
tactor or eguivalent to provide the large tenperature incre-~
ments per iterztion in the initisl iterations supports the
second conclusion. Furtnermore, since the full spiral scsan
1s nonconsistent, it is unlikely that using successive over=
relexation or tne adapted .egstein technigue with the full
spiral fo- further acceleration will prove to be as ro0d as
acceleration with a seriel scan. Thus, the facts available
from this study seem to indi cate that no significant advantage

cun be acnieved by use of other than a consistent serial scan,

84,
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hecommenda tiong

This investigation provides a theoretical basis for the
adapted degstein technique which was not previously definmed,
but falls to use this knowledze in any broad experimentstion
designed to improve the technique. There 1s, tnerefore, a
Justification for furtner study and comparison to improvs the
technique and draw a firm conclusion as to the better me tnod
of accelerating the method of successivs displacements.

It is fecommended that any further expansion of this
work be done with sample nest trsnsfer problems of the type
solved in a practical situation in order that performance may

be better related to real situations.

8s.



Ga/inys/63-9

C.

10.

Bibliography

Carslaw, I, S., and J. C. Jaeger. vonduction of Hdeat
in soilids (Second wndition). London: Oxford University
rress, 1959.

Crandall, o, d. angineering Analysis. New York: McGraw
411l Boox Co., Inec., 1956,

faddeava, V, N, ULowmputatjonal Metnods
~ew Yorkx: 4wover rublications Inc., 195

of Linear islgebra.
9.

rorsytne, v. o, and 4, K, wasow, 2rinite Difference
setnods for rartial vifferentisl mguations. New York:
Joan +iley and »ons Inc., 1960,

atplan 3, and N, LClarx. "“accursoy and Convergence Teche
niques for Implicit Numerical colution of the Diffusion
squation for +ransient reat [ransfer”™, lechnical raper.
Cincinnati: General slectric Flight rropulsion Division,
igel.

----- + MAccuracy and Convergence Techniques for Implicit
Numericsal ~olution or the viffusion zquation for Iransient

deat transfer". lransactions of the American Nuclear
Society, 4:80,81 ({June 1961).

rowsrs, M.R, "osolution of Dirichlet Difference souation
by successive Uverrelaxation rrocess", Master's Faper.
=05 Angeles: University of valifornia, august 1955,

vegstein, J. d. "acceleruting Convergence of Iterative

rrocesses.”™ Vommunications of the Associstion for
computipz Mucaimery, 1:9-15 (June 1958!!%. T

Young, Y. "The Numerical 2olution of &lliptic and rara-
bolic rartial Differential s.quations." Modern Mathe-
matﬁcs for the Engineer (Second Series) edited by

f. » Peckenbach. ew York: McGraw fdill Book Co., Inec.,
96l.,

e<w=w, "Iterative Metaods for oolving rartial Difference

tquations of the alliptic Type."” Tra ctjons of the
American Mataematical society, 76:92-?5% (1954)"

86.



GA/Phys/63-8
Appendix A

Constyucting the Finjte Difference Equatjon

Two particular types of partial differential equations
are to be considered in this appendix, the elliptic equation
and the parabolic equation.

A typical elliptic partial differential equation is
the Laplacian,

viw =0 (64)

P v}
where vgz(%.'_ i + &‘)
U = $(xy4,2)
The boundary conditions specify u on the boundary of the

region considered,
The parabolic partial differential equation considered

Vu= 4 %% (65)

with the following boundary conditions
Wixy2, 2e) = S(x,y,8) in the region
(X, 4,8 L) = §(4,22) on the boundery
The approximations to the partisl derivetives are
formed from truncated Taylor series expansions in the fol-
lowing manner, Expanding about point (xg,Y¥e:8¢ste) One may
odbtain

has as its form

87.
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U.(X,'PA)(. Ye » B, to) = Ulxe, 30"*" L) + %g%]&aﬁo‘o‘o

+%§f%‘-ﬁ] + ceo

¥o4e,B0, ko (66)

or

U.(Xo-AX.%.,r.,to) = u(x.’%"z.'t‘)_ %%X&]bﬁ.&.to

e
+%r%’7']k.e..t.:." (67

)
Truncating equations 66 and 67 at the second prrtial der=-

ivative term and adding the twc expressions, one obtains the

arproximnation for the seccnd partiel derivative term of

22U o Ubetax Yoz, to) ~2U (e 2o, £) 10 (ke-0X o, 2o, £6)
axe ~ (ax)? (68)

The expression for the first partial derivative is obtained
by subtracting the two equations to obtain

aa% ~ Q "‘ll 3"!" t,::t)-“(&,g,,g,, Lo ) (69)

Note that as the intervels ax, Ay, 842 or 4t become smaller,
fewer and fewer terms are required to obtain e good approx-
imation since the interval is raised to successively higher
powers with each new term naking such terms as
3 4 s

ax?® a8y (ax* Py ,%’%‘q ete

3% ax3 4? x4 ox
less significant, Thus, if one reduces the time and/or

space interval, a more accurate solution should result,
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This fact does constitute a simple test of the validity of
one's solution, For the test, one halves the grid size used
for the solution at hand and determines a new solution with
this smaller grid size. If the two solutions give answers
that are in reasonable agreement with each other, then one
has some assurance that the original solution is correct.
Starting first with the elliptic equation (number 64),
when one substitutes the expressions given in equation 68
for the partial derivatives, the finite difference approxi-

mation

242 42 |Uneyn)z Ubatoiy )i Ubeong,t)

[(AA‘+(A¢‘)"+(AI)’] (g ) (ax)2 (70)
(Xe,get& + =4

+

(A!P

+ -

(a®)
is obteined. One may generalize this equation using the
following notation
A*-"‘i; X).= x‘ +L4x=‘: ‘. ’.3.3‘000 ‘
AH= “‘=%Q+ A » -"zg‘.ooom 1
At 3*' !"’ '."'L‘:& ‘i“)’.’. see MV @ )

Then equation 70 may be written in the general form

By % + %]U(l-,-‘.“) =

89.
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12 Auzhy=he= R the form simplifies to

Ulsgh = 'L" [U(L“.a.‘ﬂ) +U4-1,3R) +Uls, 3+, R)
+U(;.,g~:,£>+uu,,,-&+.)+Uo.,.‘,-5.,)] (73)

For two dimensions, the form becomes

UlsrgR) = 1'-[U(l.-l-l,-‘)+U(L-l,a)+U(£.1+l)+U(L,3-')] (74)
Thus, U(i,j,k) is expressed in terms of values of U
at nodes one point away in the direction of the coordinate
axes. Since the given boundary values only specify U's on
the boundary, each U(i,J,k) is expressed in terms of other
unknown values at the interior node points or a combination
of unknown interior points and kmown boundary points, The
result is a system of sirmultaneous linear equations equal in
nunber to the number of interior nodel points,
As an example of how the system of equations is con-
structed, consider the two dimensional grid with mesh points
numbered as shown and boundery values lettered.

With boundary velues presorided, Us thru Up are lmown and
may be considered constant. The unimowns can be described
by the following nine finite difference equations (for the

90.
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nine interior nodes),

-4U +Ue +Us +Up +Up =

U/ -4Ua+ Us +Us +Uc 0
Us- 4Us +U¢ +Ud +Us s
U -4Us +Us +U+1+ U =0
Ua +Js -4Us +Ue 1Us =0
Uq +Us + Us -4Ué +Uq =
Ug +Um  +Us -4U, +Us = (75)
Ua +Us U+ -4Ug +Uq =
U +UR +Usé +Us -4Uq =0

Rearranging and placing the constant boundary velues on the
right, the system can be written in the matrix form

4 1 o) 00 o oo]fu]l [¢
| =4 1 O ! O O O O |Us G
O 1 -4 0 0 1@ 0 0 0}|VUs Cs
I 0 0-4 1 O I o0 O |Us (P
O 1 0o I -4 1 0 1 Of||Usl=]|Cs
O 0!l O0 1 =40 0 1|]|U Cs (76)
O 0o ! 0 0-41 Of|MWh Cs
© 000 I O | -4 1]V Cs
_O O 0 © 0O ! o 1! "4'- _m -CQJ

or in matrix notation

SE - -—
AU = C 7
It is interesting to note that the matrix A is equal to

its trsnepose (or A= AT ) which indicates that i is a

9l.



GA/Phys/63=8
syunetric matrix,

As in the case of the elliptic equation, equation 68 is
used in the parabolic equation to approximate the second par-
tial derivative, Then equation 69 is used to approximate the
partiel with respect to time., This time, however, there is
& choice of time level to use in the approximation ¢f the
second partial derivaetive., Which level of time, t or t « A%,
is set into the approximation of w2u is optional, but the
two levels lead to two different forms of the parabolic
finite difference repreaenfation.

To obtain the explicit form, one choses the level t to
get

Utr) ¢.8,4442) = w Uet,38,4) +U(k0,3,i.t)]

+ %f ;U(Mw.f.t)+Ua.3+;,£,t)]
* ﬂ‘ _W‘-ao"*"*)*U(l-»z,i-/.tg (78)

+ [{ - zaat.(l'} +*:+"{)]U(A.;.‘,£)

This equation is known as the explicit form since U(x,y,z,t+ t)

is explicitly expressed in terms of known velues at the level
t.

Since u at any x, y, ¢ and some starting time ti are
glven, the solution can be started at t = ti, where the U's
on the right side of the above equation are mowns, and solve
for the unkmown U(4,J,k,teAt) for each mesh point in the region.

92,
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Cnce U is knovn for all mesh points at the level ti + at
the process is repeated to obiains U's at the level of
ti + 2At, and so on to the time desired.

Though this explicit form does not lesd to the require~
ment to solve a system of equations, i+ does have the dis-
advantage of being restricted by stability considerstions,
Unless the following criteria are met, en instability exiaté
that causes a growth of errors frem time step to time step
which ultimetely reaches the point where error dominates the
solution (Ref 4:92 ), For this purticuler finite differ-
ence representation, stability will exist if

R< (80)
for the three-dimensionel prcblem, or .

A
<3 (81)

for the two-dimensional problem, where for ﬂchs{;: R

~= % (82)

One cen see thut any change in space (or time) increment
mist be accompanied by & yroportional chenge in tine (or

space) increment.

Alternuiely, ¥2u cen be set at the level t +/.t to get
the implicit form (i.e. "a group of components of U at level
t + .t are defined simultaneously in such an interrelnted
manner that it is necessary to solve a linear subsystem for

the whole subset of compone-ts et once before a single one



GA/Fhys/63=8

can be determined" (Ref :267)

[; + 2aat (2?3 +_2’-§ +‘Z'-§ )]U(L,g,‘-‘,iut)
- %Aré [U(‘-‘*"ﬁ-"° ttad) +Ule g-1,R, t-mé)]

- %%1, [U(h gt R k+at)t UlL, g, ",tnt)]
- %é. [U(""Z"""" A+ak)+ U, 3,"-:,1441.2] z Uls 3 B.8)

For the case of equel grid size in the three coordiinate

(83)

directions, one may write

[+62]U 3B 24a)
-n [Uu.-u, 3.‘&. t+ad)+UlL-, a,i,tut)
+Uls, g-1, B, 2+a%) + Ul4, g+1, B, keat)
+ Ulhg Reo t+ak) +Uls,3,8-1, £ 0ak)] =Ua.3.".t)(84)

where
- &4
R= '-]z

For two dimeneicne end eyuel grid sizes, one may write

Li+an] Us, t. L+ak)
“R [U(u-‘l.;, £+48) +UlU-1, 4,£442)
+ Uldig+1, £+at) +U(L,5-1,44a8) = Uls,z, £)

3ince U at any x, y, £, and some starting time ti is
specified by given initiel conditions, the solution cen be

(85)

94.



GA/Phys/63=8

commenced at t; + &t and U(4,J,k,t ) would be known and

the remaining U's form e system of similtaneous equations

at the level t1 +At, This need to solve a system of equa-

tions resulted from the finite difference representation

of the elliptic equetion, and a comparison of the matrix

forms of the elliptic and perabolic equations is of interest,
Teking the same sample grid system that was used for

the elliptic equation, the system of equations for the ime
rlicit form are

(+40)U1 -pUsL -nUs == (Up+Us) + Ut
“n U, +(1+42)V2-AU3-Us 2-Uc+Us, £
- Uz +(1+4A)Us-1Us s~ (Uo+Ur)+Ust
“A U +(1+4~)Us -RUg - R U, z -Uy +Ust

-nUs =R Us +(144A)Us-2U6 -2 Vs = Ug t

-RUs = AUs + (1+4anU -2V = VUg-Us,z  (86)
~R U4 +(1+48)U7- 2 Vg - +UnNHVss
~RUs -RUy + (1448)Ug-2Us =~ Ud+Up ¢

“NU4, -nUs + (1+44) U9 = - (U +UA) +Uy, 2

vhere Up 4 = U(1,3sk,t)-=known from initial conditions
or previous computations |

Um L U(i.d.k.h‘t)
In matrix form the system becomes
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In matrix form the system becomes

- -
?NMIL)-IL o -R o O 0 0 O rU. r‘c"i
-pn(+4 -R O =R o 0o O O |
o - (+4n) 6 © - o O O ||Us| [
‘A o o (k4R o :n © O [[Usf [Ce
o - 0 -A (+n)-n o .p o ||Us|=|Cs

O O =R O =R (HaR) 0 o =N ||Us| [Ce
o o © - O © (v-n OflG] |G| (D
0 0 o0 O -n o0 =-nin-n|lUgl |Co

©6 0 6 0 O -n o-n HiY|Uy [Co

]

which in matrix notation is

A‘t=¢'" (s8)
These matrices have the same general form as those for the
elliptic equation and, thus, the implicit form may be thought
of as equivalent to solving an elliptic equation at eeach time

step.

96.
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Aprendix B

Semple Matrix Forus

The system under consider:tion is of the form AU = C
where sample expaended forms are given in equations 76 and
86 in Appendix A. The example parabolic equation used in
Aprendix A will be used as an example in this Appendix to
develop the forms of the matrices that comprise the expres-
sion for determining the pertinent eigenvalues of the sole
ution procedures considered in this study. '

To begin this development, divide each equation of
the system given in equation 86 by the common diagonal ele=-

ment of the A matriz to obtain (Ref 3:128)

. U~ niFam U - U4 =G

< 4% -

mv'." Up - & 3 Us - (I+ZASU"C’-
etc (89)

After moving the off-diagonal terms to “‘he right, the system
can be written in matrix notation as
- /
U=8G+¢ (90)

where . -

L2

97.
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i n :
O-T'M O T.‘%"'oo

n L
w4k © T3am © --:- 00

om
]

L . o o
6 ° ° & i ©

The mutrix 5 may be subdivided into two triangular constit-

<4 (91)

uent matrices (Ref 7:134)

T = =
S=B+C (92
where
'goooooooo-
i © 0 O 0 oo 0 O
§ o;g.,,o O 0 oo o0 .©
= | 0o © O 0 000 0
|0 0 0 o o FEOofa o (93)
o0 i © & 00 0 0 O
= © O 7 O FHxO0 © O O
C= [0 o 0o o0 o#ffg0 0 O
o © o O #go 00
o
K © © 0 0 0 O O] c98)

Now, note that the B matrix contains the elements associated
with the (n + 1)st iterastion «nd the C n:trix with the nth
iteration of the method of successive displaccments for the

consistent serial scen shown in Aprendix A.

98.
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One may then write

ﬁ(mm = Bﬁtn\.m + E ﬁ (™) + E: (95)

which may be rearranged to
ﬁ(mu)_ éﬁ(mw) = Eﬁ(m,) + cl (96)
(- BYg™. ST 4 &7 (97

gemer o (F-B)'CT™ +(T-B'C” oo
which is equivalent to the form

X=Ax+F (1)
From the section on theory one can find two descriptions
of the partitioning of the A matrix to find the eigenvelues
of the method of successive displacements. Equation 16
partitions the A matrix into

B=(B+D+F) 2

to arrive at the determinantal equation for the eigenvalues
of

de¢ (n€-nb +#)=0 (18)

In this case the forme for the submatrices are

(+4R) O o O 000 O 0]

. |o e 0o o0 000 00O
D=/ © © (+4n) © © 0 0 0O
0 06 o 0 000 Olmn 9

99.
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O 0 0 0 © © 0 O O]
- O 0 O 0 0 O o O
o - © 0 0 06 0 0 O
- ©O 0O © 0 0 0 0 O
= O - O0-r © O © O o
E= |© 0 -~ ©O-2 O O O ©
©O O O-R 0 O O O O (100)
© O 0 O0-n Oo-n O O
o O O © O -pn 0 -n O
'O - 0-n 0 © 0o 0 ©O
0O O - O-Rh O OO0 O
O O 0 O O -, O O ©
O o6 0 O-~ O -~ O O
;= © 0 O O 0=~ O -2 O
O O O O © 0 0 0 =n
O 0 © 0 0 © 0 -~ O
O 0 0 0 0o 0o O o-nl aea
0O 0 0 0 0 o O O O

Alternately, equation 59 gives the form of partitioning
of the A matrix as

A=(1-B)'C (59)

For this form, Mrs Fadeeva advises that the eigenvalues
may be found from the determinantal equation (Ref 3135)

det[E- (E-Bin]=0 (102)

The forms of the B and C matrix are given in equations 93
and 94, The I matrix is an identity matrix of the usual

form of

100,
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I o o o ©O. o o
o | ©O o O . o O
o o | o O o O
I = O O O it O+ O O
o 0 0 00 -+ O ! am

Note that the relationships between the D, E, and F and I,

C, and B matrices may be expressed as

T - =L

I = H_M'B (104)
= _ ! =

B~ N-M.E (105)
- _‘ —1

C = mF (106)

The equivalence of $quations 18 and 102 can be demon-
strated in the following manner, First, rearrange 18 to

de¢ [F+(B+E)N] =0 (107)

Now if one multiplies this expression by the reciprocal of

the diagonal element of the D matrix, solutions of the deter-
ninantal equation are uneffected. This action results in

det{(ﬁ'ﬂﬁ + K.—_:T D+ (,—&,-‘)EH =0 (108)

which by the use of equations 104 to 106 can be rewritten
in the exact form of equation 102,

101,
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Appendix ©
Lafinitions

Diagonual Dominance:
For s matrix to possess the characteristic of diagonsl

dominance, the following relationsnip must exist for the

eleaents of the matrix:

N
a;s) >‘§|a.,.3| FEYAR SN T

+43
rroperty {(a): (hef 4:243)

4 square matrix A of order & is said to heve property
(A) if there exists a permutation matrix such that

is diagonally block tridiagonal.

opectral hadius: (hef 10:94)

lhe spectral radius 1s defined as the maximum of the

moduli of the eigenvalues of a given matrix.

Lirjenlet Difference mguation:
The finite difference equation that represents the
partial differential equation v’u. = 0 in tns region w th

Ww=$§ on the boundary.

102,
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hegidual:
fhe difference between two successive improved values

at a given node, i.s.

nb.a.‘& = U(c:fa‘?‘ﬂ,) - U((’r?a.,ﬁ)

103,
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[aNeNalalel

oo

OO0

[gN g

60

35

104

30
46

40
4l

SOLUTION OF THREE SIMULTANEOUS EQUATIONS BY THE GAUSS
SIEDEL METHOD WITH OPTICN FOR WEGSTEIN ACCELERATION

SPECIFY DIMENSIONED VARIABLES

DIMENSIUN A{343),B(3)4XNEW(3)eX{3),DIFF(3)
DIMENSION WX(3)4WXNEW(3)yWDIFF{3)

READ INPUT DATA

REAUSAGL L) oA(L92)0A(1,52),A(2,1)4A02,2)4A(2,3)
READ AL 3sL)oA(3,2)9A(3,3)

READB(1),B(2),B(3)

READ X (L) 9 X(2)sX{3),ERR

READ, |APLY  APPLY; WMAX,WSET

SET INITIAL VALUES AND CSTIMATES
DO 60 I=1,3

DIFF{1)=0.0

WOIFF(]1)=0.0

COUNT IS AN EXIT CONTROL THAT COUNTS THE NUMBER
OF PASSES THRU THE COMPUTATIONAL SEQUENCE
COUNT=0.0

SET ITERATION COUNTER

[ INUM=0

[TNUM=T TNUM+1
COUNT=COUNT+1.0

PRINT 104

FORMAT (/)

PRINT 6, I TNUM
FORMAT(IHITERATION, [4/)

WHEN A GIVEN RESIDUAL FAILS TO PASS THE CONVERGENCE
TEST, ICHEK IS SET = 1 AND NO MORE RESIDUALS ARE CHECKED
UNTIL THE NEXT ITERATIOA

ICHEK=0

COMPUTATIONAL SEQUENCE

N=0

PRINT 30

FORMAT(13H VALUES OF X 43X, l16HX(N*Ll) - X(N) /)
Nz=N+]

IF{N-1)1,1,40

IF(IN-2)2,42,41

IFIN-3)3,3,42
XNEW(1l)=1o/AlLlo1)o(B{Ll)~A(Loe2)0X(2)=A({le3)8X(3))
DIFF(1)=XNEW(1)=-X(1)

0 TU 43
XNEW(2)=1./7A02,2)0(B8{2)-A(2y1)8X(1)~A(2,3)0X(3))

104.
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DIFF(2)=XNEW(2)-X12)
GO TO 43

3 XNEW(3)=1./A(3,3)#(B(3)-A(3,1)eX(1)=A(3,2)eX(2))
DIFF(3)=XNEWI3)=X(3)

[a X al

PRINT OUT RESULTS EVERY ITERATION
43 PRINT 629y XNEWIN) ¢DIFF(N)
62 FORMAT (2El4.8/)

X{N)=XNEW(N)

c

c BYPASS FHE ACCELERATING TECHNIQUE BY SETTING SWITCH ONE OFF
IF(SENSE SWITCH 1171446

C

c SET UP WEGSTEIN VALUES FOR THE FIRST ITERATION

71 IFCLTNUM=1144,44,45
44 WOLFFIN)=DIFF(N)
WXIN)=XNEW(N)
X{N)=XNEW(N)
GO TO 46

INPUT [APPLY DETERMINES THE ITERATION FOR THE FIRST
APPLICATION OF THE TECHNIQUE
45 IF(ITNUM=-TAPLY)47,53,53

o0 [aXeN el

THE INPUT APPLY DETERMINES HOW OFTEN THE TECHNIQUE IS APPLIED
53 [F(COUNT-APPLY)47,48,48
47 WOIFF(N )=XNEW(N)}-WX{N)
WXIN)=XNEW(N)
X{N)=XNEW(N)
GO TU 46
48 IFIN=3) 63454,5¢
54 COUNT=0.

c THE ADAPTED WEGSTEIN TECHNIQUE
63 WTEST=DIFF(N)/WDIFF(N)
WFACT=WTEST/(WTEST-1,.)
PRINT 107,WTEST,WFACT
107 FORMAT (/BHSLOPE = ,E14.8,2Xy9HFACTOR = ,E14.8)

c BYPASS THE SLOPE TEST BY SETVTING SWITCH 2 OFF
IF(SENSE SWITCH 2) 105,50
105 IFINWNTEST)&T,47,449
49 IFIWTEST-1.150,47,47

TEST ACCELERATED SOLUTICNS AGAINST ESTABLISHED
CONVERGENCE CRITERIA WHEN TECHNIQUE 1S USED

50 IF{ABSIWFACT)-WMAX)52,52,51

51 WFACT=-WSET

o000

108,
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52 AXNLWIN)=WFACTeWX(N)+({]1.~WFACT)eXNEW(N)
PRINT 61 ,WXNEW(N)

61 FORMAT{/L1HWXNEWI(N) = ,El14.8/)
WOIFFIN)=WXNEW{N)-WX[N)

wHEN THE WEGSTEIN TECHNIQUE IS BYPASSED
TEST GAUSS SIEDEL SOLUTIONS FOR CONVERGENCE
IF(ABS(WOIFF(N))-ERR) 8C,80,81

80 ICHEK=1

8l WX{N)=WXNEW(IN)
X{N)=WXNEW(IN)
GU TO 46

OO0

C TEST TO SEE IF A NEW ITERATION IS REQUIRED
42 IF{ICHEK) 72,472,435
12 DO 33 J=1,3
IF(ABS(DIFF(J))-ERR) 33,33,35
33 CONTINUE

C PRINT DUT INPUT DATA FOR REFERENCE PURPOSES

DO 100 4=1,3
DO 100 [=1,3

100 PRINT 10),A(Led)o1,d

101 FORMAT(/9HA(1,J) =4El4.8y6H I = (13,6H J = ,13)
Du 102 1=1,3

102 PRINT 103,8(1)

103 FORMAT({/9H B(l) = 4E14.8)

13 SIgp
END

106,
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‘ Incn:u It U(L L] T
. Compute Uln+l) and Increase It.
:oun ”i U(n+1)-U(n) by Sue. Disp. Counter
U(1) = U(n) Ha+1) = U(a)
U(1) = U(n) =
(1) - é?o>= Ua+) = vln)
(n) - (n-l) U(%"l) 2 U(n)
—» = ¥(n)-U(n-1)
5‘% and Store
U(n+1) = U(nel)
Uln) = U(n+l) |
3(n+1)-ﬁ(n)
U(a+1)-U(n) Set and Store

?J'(aﬂ)zu(ul)
U(n) = U(n 1)

Wa)-(n) =
U(n+l)-U(n)

te Slope
U(a 1)-U(n)
az

U(n)-U(n-1)

?t & Ssore
g(vl)'v(nd)
U(nﬂ.)-g(n) =
U(arl)-U(n)

Increase
Is. counter

U(n41)*%(n)
i.,u(m)-iv‘(a)
U(a+1)-Uln)=
V(n)-0¢n-1)

J

Qompute

U(xtl) q%n)
(1-Q)W(as1)

and Kas1)-U(a)

~ﬂot & store
Wa)= U(asd)

| qQ Zpreset max. O(a) = Kasd) “

107,
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(]

o

61

53

564

6

460

601

[aNal

14

laNaRel

80

81
50

82

HEAT TRANSFER IN CUBE-NCNSTEADY, CONSTANT SOURCE HBY GAUSS SIEDEL
USING WEGSTEIN CONVERGENCE TECHNIOQUE

DIMENSION ULT9797)oUDLD(T9T7o7) sWDIFF{ToToT)eWU(T4747)

READ INPUT DATA

READ 61, LASTX,LASTY,LASTZ

FORMAT (313)
READS3,DIFUS,COND,DELT,SORC
FORMAT(4F10.0)

READ 944 LRR¢XGRIDyYGRICZGRID,y TMAX
FORMAT{5F10.0]}

READ S6, IRITE JRITEKRITE,JITERyKITER
FORMAT (5]4)

READ 460, 1APPLY,APPLY, HWNMAX
FORMAT(14,2F10.0)

StET BOUMDARY VALUES
DO 3 K=1,LASTZ

DO 3 J=1,LASTY

DU 3 [I=1,LASTX
UOLD(I,J,K)=0.0
UlleJeK)=0.0
HU‘[.J"\)=U‘[.J'K)

COMPUTE CONSTANTS
Az{2./({XGRID®®2))+(2./({YGRID®#®2))¢{2,/(2GRID®=2)}))
B=DIFUS»OELT

C=8/(XLRIDw*=2)

D=8/(YGRID##2)

E=8/(IGRIDw=2)

6=1l./7(1.+80A)

F=G*3«SORC/COND

SET TIME STEPS AND ITERATION COUNTER
TIME=0,

TIME=T IME#DELT

I TNUM=0

COUNT=0.0

CHOOSE EITHER PUNCHED OR PRINTED OUTPUT BY SETVING SWITCH ONE
OFF FOR PUNCHED OUTPUT OR ON FOR PRINTED OuTPUT,.
IF(SENSE SWITCH 1)81,80

PUNCH 50, TIME

GO TO 1

PRINT 50, TIME

FORMAT(/18HNEW TIME INCREMENT,F10.3)
ITNUM=]TNUMe]

COUNT=CNUNT+1.0

IF(SCNSE SWITCH 1)83,82

PUNCH 51, 1TNUM

108.
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83
51

84

125

470

450

452

109
709

100
101

454

GO TO 84
PRINT 51, 1TNUM
FORMAT (/15XyL6HITERATICN NUMBER,14/)

COMPUTATIONAL STEPS
[LAST=LASTX~-1

JLAST=LASTY-]

KLAST=LASTZ~-]
KTEST=KLAST+ILAST+JLAST
ICHECK=Q

DO 2 K=2,KLAST

00 2 J=2,JLAST

DO 2 I=2,ILASY

KKs]+J¢K
PeGuCe(U(I¢+leJoK)+U(I=-1,JeK))
Q=GaDe (U1 ,J+1eK)4U(1,J-1,K))
RzGeE® (U(],JyK¢1)+U(]l4JeK~-1))
S=GeUOLN( T4 JeK)
UNEW=F+P+QeR ¢S
DIFF=UNEW=-U(IsJyK)

ON THE FIRST ITERATION THE INITIAL VALUESS OF THE WEGSTEIN
VARIABLES ARE SET UP BUT NO WEGSTEIN COMPUTATION IS DONE
[F(ITNUM=-1)125,125,470

WOIFF(I,Jd4K)=DIFF

WU(LyJeK)=UNEW

GO 1O 102

INPUT TAPPLY TELLS WHAT ITERATION WILL BE THE FIRST TO APPLY THE
WEGSTEIN TECHNIQUE ON
IFCLTNUM-TAPPLY) 452,450,450

THE INPUT APPLY DETERMINES HOW OFTEN THE TECHNIQUE 1S APPLIED
IF(COUNT-APPLY) 452,109,109

WOIFF{IaJoK)2UNEW=-WU(T,¢J,K)
WU(IoJeK)=UNEW
60 T0 102

THE WEGSTEIN TECHNIQUE
IF(NOIFF(1,J9K)) 709,289,709
WTEST=DIFF/WOIFF(14JyK)
IF(WTEST) 289,209,100
IF{WTEST~1.) 101,289,285
WEGFAC=WTEST/ (WTEST-1.)

REJECT VALUES OF THE WEGSTEIN ACCELERATING FACTOR THAT ARE ABOVE
A PRESET VALUE AND SET THE FACTOR EQUAL THE PRE SET VALUE
IF(ABSF{WEGFAC)-WMAX) 453,453,454

WEGFAC=-WMAX
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453 WUNEWSWEGFAC*WU(I¢JyK)*#(1.-WEGFAC)®UNEW
WOIFFUIgJoK)=WUNEW=WU(]yJsK)
WU T¢JeK)=WUNEW
UlTeJoK)=WUNEW

TEST SOLUTIONS AGAINST ESTABLISHED CRITERIA
IF(ICHECK)103,103,116

103 IF({ABSF{WDIFF(1,sJsK))-ERR)L16,116,105

105 [ICHECK=s]

116 I1F(JITER-)) 110,110,290

110 IF(KITER-K) 112,112,290

112 IF{SENSE SWITCH 1)114,113

113 PUNCH 11591 pJeKeWUNEW,WCIFF (1 oJoeK),WTEST
GO TO 290

114 PRINT 115531 9JoKoWUNEWsWDIFF(1oJeK) WTEST

115 FORMAT(5Xy314,3E14.8)
GO 10 290

289 U(1,J,K)=UNEW
WOIFF(LlysJyK)2UNEW=-WU(],J,K)
WU(TsJsK)=UNEW

290 IF(KTEST-KK) 481,481,480

481 (COUNT=0.0

480 1F(WTEST-1.0) 2,107,107

102 UlI,J,K)=UNEW
IF{ICHECK)106,106,107

106 IF(ABSF(DIFF)-ERR)107,107,118

118 1CHECK=1

107 IF(JITER=-J)I1I19,119,2

119 JFIKITER=-K) 120,120,42

120 IF(SENSE SWITCH 1) 122,121

121 PUNCH 52419 JsKsUNEW,DIFF

52 FORMAT (5Xy314,2E14.8)
60 10 2

122 PRINT 52,19J¢K+UNEW,DIFF

2 CONTINUE

SET VALUES ONE GRID POINT BEYOND PLANES OF SYMMETRY
L=LASTX
DO & N=2,LASTZ
DO 4 M=2,LASTY
4 U‘Lv"pN)‘U(L'ZD"ON’
Ma_ASTY
00 5 L=2,LASTX
DO 5 N=2,LAST2
5 JILeMyN)aU(LsM=2,N)
N=LASTZ
DO 6 L=2,LASTX
DO 6 M=2,LASTZ
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6 UlLsMyN)=U(L M N=2)

c PRINT RESULTS OF [TERATION
IF{ITNUM=1)1,1,150
1950 IF(ICHECK)10,10,1
10 IF(SENSE SWITCH 1)88,87
87 PUNCH 60 )
50 10 89
88 PRINT 60
60 FORMAT (//710X,26HFINAL RESULTS OF ITERATION//)
89 DO 7 K=2,KLAST,KRITE
DO 7 J=2,JLAST,JURITE
DN 7 132,1LAST,,IRITE
IF{SENSE SWITCH 1)91,90
90 PUNCH 130,01 9JsKoUlT9JeK)
G0 10 7
91 PRINY 13001 4JeKoUlT,JeK)
130 FORMAT (1l0Xs3[4,E14.8)
7 CONT INUE

C

C CHECK T0 SEE IF LAST VINE INCREMENT HAS BEEN REACHED
IF(TMAX-TIME)]1T,17,412

c

c PREPARE FOR A NEW TIME [NCREMENT

12 DO 15 1=2,LASTX
NO LS J=2,LASTY
DO 15 K=2,LAST?

15 UULD(19J,K)3U(],JeK)
GO 10 le&

C PRINT NUT [NPUT DATA
17 IF(SENSE SWITCH 1 194,93
93 PUNCH 55,D1FUS,COND,DELT,SORC
PUNCH ST,XGRIDyYGRID,ZGRID, TMAX,ERR
PUNCH SByIRITEZJRITEGKRITEZKITER,JITER
PUNCH 99, 1APPLY,APPLY ,MAX
GO TG 13
94 PRINT 55,DIFUS,COND,DELT,SORC
55 FORMAT(LLIHDIFFUSIVITYsF10.496X,12HCONDUCTIVITY,F10.4/
310HDELTA TIME FLlO.4,6X, LSHSOURCE STRENGTH,Fl10.4)
PRINT ST,XGRIDyYGRID,ZGRID, TMAX,ERR
57 FORMAT(/76HXGRID= gF10.496X96HYGRID=4F10.%96Xy6HIGRID=,F10.4/
4BHMAX TIME,FLl0.4,18HSTOP WHEN ABSOIFF-oFl0.5415HIS Z2ERO OR LESS)
PRINT 58, IRITEQJRITEKRITE,KITER,JITER
54 FORMAT (/72S5SHOUTPUT CONTRCLS ARE IRITE,13,2X5SHJRITE,13/
SOHKRITES139¢7TH KITER)13,7TH JITER,13)
PRINT 59, 1APPLYAPPLY MAX
99 FORMAT (/7THIAPPLY=, [4 6K 6HAPPLY2,Fl0.5 46X 4HMAX2,F10.5)
13 sToep
END
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61
53
54
%6

124

100
102

101

200

HCAT TRANSFER N CUBE-NCNSTEADY, CONSTANT SOURCE B8Y GAUSS SIEDEL
WITH PROVISION FUR COMPUTING RELAXATION FACTOR AND WEGSTEIN DATA

SPECIFY DIMENSIONED VARIABLES
DIMENSTON U(To797)oUOLDUTsT747)yDIFF(T47,7)

READ 61y LASTX,LASTY,LASTZ

FCRMAT (313)

READS3)OLFUS,COMND,DELT,SORC

FORMAT(4F10.0)

READ 54,ERRyXGRID; YGRID,ZGRID, TMAX

FORMAT(5F10.0)

READ YO, IRITE(JRITEKRITELJITER,KITER,CHOSE,BOUND,CARD,COMP
FORMAT(514,4F10.0)

READ 1244 1TSET,CUNVRG

FURMAT (I3,F10.0)

SET BOUMDARY VALUES
DO 3 I=1,LASTX
OO 3 J=1,LASTY
NO 3 K=1,LASTZ

CHOOSE METHOD OF SETTING INITIAL VALUES BY LETTING BOUND=0.0
TO READ FROM CARD INPUT OR BOUND=1.0 TO SET ALL POINTS EQUAL ZERO
IF(BOUND) 100,100,101

READ 102,U(19JyK)

FORMAT (Ele.8)

UOLO(l'J.K)=U(l'J'K)

DIFFtl,J,yK)=0,

GU 10 3

UULD([,J'K)‘:OQO

DIFF{l4J.K)=0.

U(leJeK)=0,0

CONTINUE

GRELAX=0.

AVtEA=0.0

WRELAX=0.0

POINTS=(LASTX=2)e(LASTY=-2)#(LAST-2)

ILAST=LASTX~-1

JLAST=LASTY-1

KLAST=LASTZ-1

WHEN APPLICABLE CAN TAKE INITIAL VALUES FROM PUNCHED OUTPUT B8Y
USING CARD =0.0 OR-1.0 AND SETTING BOUND = 1.0

IF(CARD) 200,200,201

NO 202 K=2,KLAST
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V0 2C2 J=2,JLAST

D0 202 I[=2,ILAST
202 READ 203,Ull4JsK)
203 FORMAT (22X4El14.8)

L=LASTX

DO 210 N=2,LAST?

DO 210 M=2,LASTY
210 U(LsMyNIz=U(L=-2,M,yN)

MapL ASTY

CO 211 L=2,LASTX

DU 211 N=2,LASTZ
211 UL MyN)sULILsM=2,N)

N=LASTZ

DO 212 L=2,LASTX

DO 212 M=2,LASTZ
212 UIL MyN)sU(LyMyN=-2)

GSETA=0.0

c CUOMPUTE CONSTANTS
201 A={2./7(XGRID®®2))¢(2,/(YGRID®e2))+{2./(IGR[D®e2))
B=DIFUS®DELY
C=B/(XGRID®w2)
D=B/(YGRID#®#2)
E=8B/(2ZGR{De#2)
ezl./(1.+B2A)
F=G#BeSORC/COND

C SET TIME STEPS AND ITERATION COUNTER
TIME=O.
14 TIME=TIME+DELT
1 TNUM=0
[ICOUNT =0

CHOOSE CITHER PUNCHED OR PRINTED OUTPUT BY SETTING CHOSE=0.0
FOR PUNCHED OUTPUT OR CHOSE=1.0 FOR PRINTED OUTPUT
IF(CHOSE)80,80,81
80 PUNCH 50, TIME
GO 101
81 PRINT 50, TIME
50 FORMAT(/18HNEW TIME INCREMENT,Fl10.3)
| I TNUM= [ TNUM+]
ICOUNT=ICOUNT+]
TOTALA=0,0
TOTGS=0.0
IF(CHOSE)82,82,83
82 PUNCH S51,1TNUM
GO TO 84
83 PRINT S1,ITNUM
51 FURMAT (715X, 16HITERATICN NUMBER,[4/)

[aNalal
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84

190
191
98

240
241
242

196
20

192
150

751
951
116
110

85

975

976

COMPUTATIONAL STEPS

V0 2 K32,KLAST

DU 2 J=2,JLAST

DO 2 I=2,1LAST
PzoeCo(UllelodyKI+U(1l=14J4K))
Qz=LeDE (UL yJe 1, K)+U(Tyd=1,4K))
R=GOES(ULLyJoeKeLI+U(L4JyK=-1))
S=06#UNLD( Ty JdyK)
UNEW=F+P+Q+R+S

IF{SENSE SWITCH 1) 190,191
RUNEW=GRELAX#UNEW® (1. -GRELAX)®U(T,yJd,K)

"UNEW=RUNEW

DIFOLD=DIFF(14J,K)
DIFF(lsJeK)=UNEW-U(]9JyK)
IF(SENSE SWITCH 1) 116,98
IF(COMP) 240,240,24)
TOTOLS=TOTGS¢+ABSF(DIFF(1,J,K))
GO TO 242
TOTGS=TOTGS+DIFF{l4J)K)un2
IF(ITNUM=-1) 116,116,196
IF(ITSET-ICOUNT) 20,20,116
WTEST=DIFF(I,JsK)/DIFOLC
TOTALA=TOTALA+NWTEST
WEGFACSWTEST/ (WTEST~1,.)
IF(STNSE SwITCH 2) 192,116
IF{CHOSE) 750,750,751

PUNCH 951,41 ,JsK,WTEST,WEGFAC
o0 TG l1ls

PRINT 951 ,1yJeKyWTESTyWEGFAC
FORMAT (313,2E14,.8)
IF(JITER=-Y) 110,110,2
IF(KITER-K)8,8,2
IF{CHOSE)BS5,85,86

PUNCH 52, 19JoKoUNEW,DIFF(1,J44K)
GO 1O 2

PRINT 52,1 9J9KeUNEWDIFF(I,JeK)
ULy JeK)=UNEW
IF(ITSET-ICOUNT) 975,975,976
ICOUNT=0

SET VALUES ONE GRID POINT BEYOND PLANES OF SYMMETRY
L=LASTX

DN 4 N=2,LAST?

D0 & M=2,LASTY

U‘L'M'N,’U(L‘Z'M'N)

M=LASTY

DD 5 L=2,LASTX

00 5 N=2,LAST?

U‘L’M'N)SU(L'"'ZQN)

N=LASTZ
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DO 6 L=2,LASTX
00 6 M=2,LAST2
6 UILyMoN)=U(LyM,N=-2)
GSOIF=SQRTF(TOTGS)
IF(SENSE SWITCH 1) 198499
99 IFCLITNUM-1) 111,111,123
123 GSETA=GSDIF/GOENOM
ROLD=GRELAX
GRELAX=22.0/(1.+SQRTF(1.-GSETA))
AVEA=TOTALA/POINTS
NRELAX=2.0/(1.+SQRTF(1.-AVEA))
111 GDENOM=2GSDIF
IF{CHOSE) 243,243,244
243 PUNCH 181 ,GSETA,GSDIF,GRELAX,WRELAX,AVEA
GO TO 245
244 PRINT 181,GSCETA,GSDIFyGRELAX,WRELAX,AVEA
181 FORMAT (BHGSETA = ,E14.,892X,9HGSDIFF = ,E14.8,11H GRELAX = ,E14.8
20/911H  WRELAX = ,El4.B8,4XyTHAVEA = ,EL14.8)
245 IF(SENSE SWITCH 3) 743,198
743 IF(ITNUM=-1) 198,198,197
197 IF(ABSF{GRELAX-ROLN)-CONVRG) 199,199,198
199 PRINT 180
180 FORMAT (SOHOVERRELAXATION FACTOR HAS MET CONVERGENCE CRITERIA/
232HSW1 ON TO OVERRELAX, PRESS START)
PAUSE

TEST SOLUTIONS AGAINST ESTABLISHED CRITVERIA
198 DO 10 K=2,KLAST

DO 10 J=2,JLAST

DO 10 I=2,1LAST

IF(ABSFIOIFF(14J,K))-ERR) 1041041
10 CONTINUE

PRINT RESULTS OF ITERATION
IF{CHOSE)B7,87,88
87 PUNCH 60
GO 70 89
88 PRINT 60
60 FORMAT (//710Xo26HF INAL RESULTS OF ITERATION//)
89 00 7 X=2,KLASTKRITE
DO 7 K=2,KLAST,KRITE
DO 7 J=2,JLASTHJRITE
00 7 I=2,ILAST,IRITE
IF(CHOSE)90+90,91
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90
91
52
!

[N e o0

12

15

17
93

9%

55

166

13

PUNCH 529 14JdsKyUllgJoK)DIFFLtI,J4K)
60 TO 7

PRINT 52414 JyKoUllgJoK) DIFF({fydoK)
FORMAT{10X,314,2E14.8)

CONTINUE

CHECK TO SEE IF LAST TIME INCREMENT HAS BEEN REACHED
[IF(TMAX-TIME)LT417,12

PREPARE FOR A NEW TIME INCREMENT
DO 15 [=2,LASTX

DO 15 J=2,LASTY

VO 15 K=2,LASTZ
UOLU(TyJeK)=U{T4JeK)

GO 1O 14

PRINT OUT INPUT DATA

IF{CHOSE)93,93,94

PUNCH 55,DIFUS,COND,DELT,SORC

PUNCH SToXGRID,YGRIDy2ZGRID, TMAX, ERR

PUNCH S58,IRITE,JRITEJKRITEJKITER,JITER,CHOSE

PUNCH 766,CUONVRG

GO TD 13

PRINT 55,D1FUS,COND,DELT,SORC
FORMAT(LIHDIFFUSIVITYF10.446X,12HCONDUCTIVITY,Fl10.4/
310HUELTA TIME,F10.446Xy L5HSOURCE STRENGTHyF10.4)

PRINT SToXGRID,YGRID,ZGRIDy TMAX,ERR

FORMAT(/6HXGRID=Z )F10.4¢6X96HYGRID=,FL10.4,6Xy6HIGRID=,F10.4/
48HMAX TIME,F10.4,18HSTOP WHEN ABSDIFF~yEl4.8,16H 1S ZERDO OR LESS)
PRINT 5By IRITELJRITEZKRITEZKITERyJITER,CHOSE
FORMAT(/25HOUTPUT CONTRCLS ARE IRITE,[3,2X¢SHJRITE,13/
SOHKRITE ¢ 139 2X o SHKITERy1392XSHJITER,1342X,SHCHOSE(F6.3)
PRINT 766,L0NVRG

FURMAT (38HWHEN OMEGA(N+1) -OMEGA(N) IS LESS THAN,El4.8/
253HSTOP COMPUTATION AND START OVERRELAXATION, [F DESIRED)
STOP

END
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ANALYTEICAL SOLUTION-3 DIMENSIONS, CONSTANT SOURCE

SPECIFY DIMENSIONED VARIABLES
DIMENSION A(30),8(30),C(30)

[aNal [aXaXaN gl

READ INPUT DATA
READ INPUT TAPE 2,60,LMAXyMMAX ¢NMAX
60 FORMAT(313)
READ INPUT TAPE 2461,DIFUS,SORCyCONDy XMAX,YMAX, ZMAX
61 FORMAT(6F10.0)
READ INPUT TAPE 2,62,DELX4DELY,DELZ,DELT
62 FORMAT(4F10.0)
READ INPUT TAPE 2463,TMAXyXGRID,YGRID,ZGRID
63 FORMATI4F10.0)

C INITIALIZE AND SET DESIRED TIME
TIME=0,
5 TIME=TIME +DELTY
WRITE OUTPUT TAPE 3,51,TIME
51 FORMAT(/5X,18HNEW TIME INCREMENT,F10.5)

C PRINT COLUMN HEADER FOR RESULTS
WRITE OUTPUT TAPE 3,53
53 FORMAT (/78X LHL¢3Xy LHM¢3X s LHN 94Xy LIHTEMPERATURE 49X 4HTINC)

[aXaNel

COMPUTE CONSTANTS
Pls3.1415926
N=64.201FUS*SORC/(CONDaPeP]eP])
E=0IFUSePleP]
DO 32 I=l,LMAX
32 AlL)=2e(]-1)+1
N0 33 Js=1,MMAX
33 BiJ)s2e(J-1)el
00 34 K=1,NMAX
34 CiK)=2e({K~1)¢1

C INITIALIZE AND SET DESIRED X,Y,2

1=0.

35 L=22+DELZ
Y=20.

30 Y=Y+DELY
X=0.

8 X=X+DELX
TEMP=0,

INITIALIZE SUMMATION VARIABLE FOR TEMPERATURE INCREMENTS
TINC=0.

COMPUTE TEMPERATURE INCREMENTS
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52
10

64

50

15

25

31

DO 10 N=1,NMAX

DO 10 M=1,MMAX

V0 10 L=1,LMAX
FzA(L)#a2/XMAX®82¢B(M)0a2/YMAX®R24C(N)o82/IMAX0S2
ALPHA=E»F
DENUM=A(L)#B(M)#C(N)#ALPHA
P=A{L)®PleX/XMAX
Q=B(M)eP[aY/YMAX
R=C(N)sPleZ/ZIMAX
SaSINF(P)eSINF(Q)#SINFIR)
T=ALPHA®T I ME

RESTRICT EXPONENT YO PREVENT SUBRROUTINE OVERFLOW
IF(T-30.) 3,3,2

Vv=1.0

GO T0 6

V=1.-(l./EXPF(”)

TINC=DeSeV/DENOM

SUM TEMPERATURE INCREMENTS
TEMP=TEMP+TINC

PRINT RESULTS WHEN DO LCOP INDICES ARE EQUAL FOR MONITOR ONLY
IF{L-M)10,7,10

IF{M-N)10,1,10

I=L-1

Jzm-]

K=N-1

WRITE QUTPUT TAPE 3,5291¢J9KyTEMP,TINC
FURMAT(/5Xy314,2X,E14.8,2X4E14.8/)

CONTINUE

PRINT FINAL RESULTS OF COMPUTATION

WRITE OUTPUT TAPE 3,64

FORMAT(/5Xe L3HFINAL RESLLTS/)

WRITE OUTPUT TAPE 3,50¢XsYs2,TEMP

FORMAT(SK.ZHXz.FIO.Q.lm Y'.Flo.‘.‘ﬂ Z-.FIO.Q.3X.SHTEMP=.EU..8/)

CHECK TO SEE IF LAST TIME AND SPACE INCREMENTS
MAVE BEEN REACHED

IF(XGRID-X)15,15,8

IF(YGRID~Y)20,20,30

IF(ZGRID-2)25425¢35

IFITMAX-TIME)3L,31,5

PRINT OUT INPUT DATA FOR REFERENCE PURPOSES
LLsLMAX-1

MMxMMAX- ]

NN=NMAX-1

WRITE OUTPUT TAPE 3,54,LLyMM,NN
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54 FORMAT(/5X,25HMAX [MUM SUMMATION INDEXES,3I5)
WRITE DUTPUT TAPE 3,55,CIFUS,SORC

55 FORMAT{ /5Ky LLHDIFFUSIVITY F10.4,3XyL5HSOURCE STRENGTH,F10.4)
ARITE OUTPUT TAPE 3,56,CONDy XMAX ) YMAX (ZMAX

b6 FORMAT (/75X L2ZHCONDUCTIVITY F9a493Xy 13HMAXIMUM X,Y4Z2y3F10.5)
CALL EXIT
END
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[aXg!

61

53

54

56

59

o0

[eNaNaNaNal

100
1062

101

14

HEAT TRANSFER IN CUBE-NCNSTEADY, CONSTANT SOURCE BY
SUCCESSIVE OVERRELAXATICN

DIMENSION U{T¢7¢7)¢UOLD(T474T7)4DIFF(TeTe7)

READ [NPUT DATA

READ 61, LASTX,LASTY,LASY2

FORMAT (313)
READ53,D1FUS,COND,DELT,SORC

FORMAT (4F10.0)

READ 54,ERRyXGRIDyYGRID,ZGRID, TMAX
FORMAT(S5F10.0)

READ S6pIRITEZJRITEWKRITEZJITER,KITER,CHOSE, BOUND
FORMAT(5]14,2F10.0)

READ 59,RFACT

FORMAT (El4.8)

SET BOUNDARY VALUES
00 3 I'=l,LASTX
DO 3 J=1,LASTY
D0 3 K=1,LASTZ

THE INPUT BOUND DETERMINES METHOD OF SETTING INITIAL
ESTIMATES OF TEMPERATURE( BOUND= 0.0 OR LESS AND READ
CSTIMATE FROM CARDSy IF BOUND IS GREATER THAN ZERO ALL
POINTS ARE SET TO Z2ERO0)

IF(3sDUND) 100,100,101

READ 102,U(I,4J4K)

FORMAT (€E14.8)

UOLD(T o JeK)=Ul],yJyK)

GO 10 3

UoLDI(1,4,K)=0.0

UlleJeK)=0.0

CONTINUE

COMPUTE CONSTANTS

Az (2.7(XGRID®#2) )+(2./7(YGRID®®2))+(2./7(IGR[Nen2))
BzDIFUSeDELT

C=8/(XGR]Dee2)

NzB8/({YGRID®*=2)

E=B/{2GRIDse2)

Gzle/(le¢BeA)

F=GeBeSORC/COND

SET TIME STEPS AND ITERATION COUNTER
TIME=0,

TIME=TIME+DELT

1 TNUM=0
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THE INPUT CHOSE DETERMIAES WHETHER THE OUPUT 1S PUNCHED
OR PRINTED (SET CHOSE = 0.0 OR LESS FOR PUNCHED OUTPUT

OO

[a N ol o

80
gl
50
82
83
51

84

116
110

85

86

DR GREATER THAN ZERO FOR PRINTED OUTPUT)
IF(CHOSE)B0,80481

PUNCH 50, TIME

GO 1N 1

PRINT 50,TIME

FORMAT (/1BHNEW TIME INCREMENT,F10.3)
I TNUM=TTNUM+]

IF(CHOSF)82,82,83

PUNCH 51,1TNUM

60 TO 84

PRINT 51, 1TNUM

FORMAT (/15X,16HITERATICN NUMBER,I4/)

COMPUTATJIONAL STEPS
ILAST=LASTX~1

JLAST=L ASTY-1

KLAST=LASTZ-1

DO 2 K=2,KLAST

DO 2 J=2,JLAST

DO 2 1=2,1LAST
PzGele(U(I+1,JyK)+U{I=14J9K))
Q=00 (U(T4JeloK)¢U(IJ=-1,K))
RzGeEO (Ul s JoK¢1)¢U(I9JoK=~1))
S=GaUOLO( 14 J,K)
UNEW=((FeP+Q+R+S)#RFACT)+((1.0-RFACT)®U(],yJsK))
DIFF(l4JyK)=UNEN=-U(]1,JsK)

CUMPLETE OR PARTIAL OUTPUT OF TEMPERATURES CAN BE OBTAINED
FOR EACH ITERATION BY PROPER CHOICE OF THE INPUTS JITER AND KITER

IFLJITER-J) 110,110,492
[IF(KITER~K)B¢8,2
IF(CHOSE)BS,85,86

PUNCH S2,19JoKeUNEW,DIFF{1¢JeK)
60 TO 2

PRINT 52,19J9KyUNEW,DIFF{I,J,K)
FORMAT(10X,314,2E14.8)
UGLyJeK)SUNEW

SET VALUES ONE GRID POINT BEYOND PLANES OF SYMMETRY

L=LASTX

DO & N=2,LAST?

DO & M=2,LASTY
U(L'M'N)‘U‘L‘ZIngN)
MsLASTY

00 5 L=2,LASTX

D0 9 N=2,LASTZ
U(L."vN)’U(L."‘Z."’
NsLASTZ
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DO 6 L=2,LASTX
DO 6 M=22,LAST2
U(LQMoN)=U(L|M.N‘2)

TEST SOLUTIONS AGAINST ESTABLISHED CRITERIA
DO 10 K=2,KLAST

DO 16 J=2,JLAST

DO 10 I=2,1LAST

IFLABSFIDIFF(1,J,K))=ERR) 10,10,1

CONTINUE

PRINT RESULTS OF ITERATION
IF{CHOSE)3T7,87,88

PUNCH 60

S0 1o 89

PRINT 60 .

FORMAT (/7/710X,26HFINAL RESULTS OF ITERATION//)
DO 7 K=2,KLAST,KRITE

DO 7 J=243JLAST,JRITE

DO 7 [=2,1LAST,,IRITE
IF{CHOSE)90,90,91

PUNCH 529 19JeKeU(IoJdsK)DIFF(1,Jd,K)
GO TO 171

PRINT 92531 9JsKeUll9JdoK)sDIFF(IJ4K)
CONTINUE

CHECK TO SEE IF LAST TIME INCREMENT HAS BEEN REACHED
IF(TMAX-TIME)1T417,12

PREPARE FOR A WNEW TIMF INCREMENT
DO 15 Is2,LASTX

00 15 J=2,LASTY

D) 1% K=2,LASTZ
UOLDGT ¢ JeK)2UL T4 JyK)

GU TG 1&

PRINT OUT INPUT DATA
[F(CHOSE)Y3,93,94
PUNCH 55,0IFUS,COND,DELT,SORC
PUNCH 57¢XGRIVDeYGRIDND,ZGRIDy TMAX,ERR
PUNCH S3,IRITEJRITEZKRITEZKITER,JITER,CHOSE
PUNCH 62, RFACT
GO 10 13
PRINT 55,D1FUSCOND,DELT,SORC
FORMAT(1LHOIFFUSIVITY, F10.%96XyLZHCONDUCTIVITY, F10.4/

310HDELTA TIME F10.4,6Xy 15HSOURCE STRENGTH,F10.4)

PRINT 57yXGRIDsYGRIDyZGRIDy TMAX, ERR
FURMAT(/OHXGRID= gFLl0e% 96X o6HYGRID= ¢y FLl0a% 46Xy 6HZGRID=,F10.4/
4BHMAX TIME,F10.4918HSTOP WHEN ABSOIFF~4ELl4.8,16H IS ZERD OR LESS)

122,
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PRINT 58,JRITE¢JRITEKRITEZKITERyJITERyCHOSE
58 FORMAT(/725HOUTPUT CONTRCLS ARE ITRITESI1342X5HJRITE,I13/
SS5HKRITE p 139 2XoSHKITER 132X ySHJIITER,1392X,5HCHOSEFb6.3)
PRINT 62, RFACLT
62 FORMAT(/22HRELAXATION FACTOR USED,3X,El4.8)
13 STOP '
END

183,
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14

HEAT TRANSFER,CONSTANT [HTERNAL SCOURCE, TwO DIMENSIONS
SOLUTION BY GAUSS SICOEL wITH SERTAL SCaAN

DIMENSION Ul4als41)otJOLD(AL,4]1) 4 DIFRI41441)

REAND 1.4PUT TAPE 2,700,LASTX,LASTY,IRITE+JRITE,JITER
FORMAT (5141}

READ INPUT TAPZ 2,701,01FUS,COND,SORCXGRIN,YGRID
FORMAT (5F12.0)

READ INPULT TAPE 2,702,TMAX,DELT,ERR

FORMAT (3F12.0)

READ INPUT TAPE 2,703,80UND,PITER

FORMAT (2F1C.0)

PRINT OUT [NPUT DATA FOR REFERENCE PURPOSES

WRITE OUTPUT TAPE 3,53,DELT,SORC

FORMAT (11HUDELTA TIME=9F10.496Xs 16HSOLRCE STRENGTH=,F10.4/)
WRITE QUTPUT TAPE 3,55,01FUS,COND
FURSAT(/12HDIFFUSIVITY=Z4F10.496Xy 13HCCNDUCTIVITY=Z,F10.4/)
WRITE QUTPUT TAPE 3,450

FORMAT(/2THTHIS RUN IS 20 SAUSS-SIEREL/)

WRITL OUTPUT FAPE 3,57, XGRIN,YGRID, TMAX

FORMAT (GHXGRIDZ ¢FLl044y3X6HYGRID=F10e%y3IXy IHMAX TIME=4FL10.4/)
WRITE QUTPUT TAPE 3,58, IRITEWJRITE,JITER

FORMAT {/GHIRITE=,]G48H JRITE=,14,8H JITER=,14/)

IF COUND = Co.U OR ~1.0,READ INITIAL VALUES AS INPUT DATA, QR IF
BOUND = 1.0,SET ALL POINTS EQUAL ZERO.
DO 3 J=1.LASTY

DO 3 I=1,LASTX

IE (8OLKID) 1C60,100,101

READ INPUT TAPL 2,704,U(],J)

FORMAT 'Fld.C)

DIFA(T,1)=0.0

UOLDET ,d)=Ull,d)

G T 3

uioLn{l,4)=0.C

DIFR(T,J)=CoV

U‘ loJ)=0.U

CONTINUE

COMPUTE CCNSTANTS

[LAST=LASTX~]

JLAST=LASTY-]
A=(2./7(XGRI0G#»#2))+(2./7(YLRID222))
B=DIFUSDELT

C=8/(XGRID#»2)

D=B/(YGRID##2)

6=1./11.+8nA)

F=Gep«SORC/COND

SET TIME STEPS ANU ITERAVTION COUNTER
TIME=0,

TIMC=TIME+CELT

I TNUM=O

WRITE OUTPUT TAPE 3,50,TIME
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1

[aX N el

306
51

84

116
110

29

10

24
60

602
89

52

705

300
305

302
12

15

17

FORMAT(/18HNEW TIME INCREMENT,F10.3)
TINUM=] TNUK¢]

WHEN PRINIVING OUT DATA EAGCH JTERATICN SEY PITER =0.0,0R -1.0
OTHERWISE SET PITER = 1l.0.

IF (PITER} 30¢,306,84

WRITE OUTPUT TAPE 3,51,1TNUM

FORMAT (/15XsLOHITERATION NUMBER,14/)

COMPUTATICNAL STEPS

DO 2 J=2,yJLAST

VO 2 [=2,1LAST
Pz=GeCe(UlI+]1,0)¢U(I=-1,J))
Q=Gxla(Ull,4+1)¢Ul],4-1))
S=G#UNLDL(],J)
UNEW=F+P+(+S
DIFR{I3J)=UNEW~-U(]14J)
IF(JITER-J) 11G,110,2
WRITE DUTPUT TAPE 3,525,134 JsUNEW,DIFR(I,J)
Ull,J)=UNEK

CHECK CONVERGENCE OF SOLUTION AGAINST ESTABLISHED CRITERILA
DO 10 J=2,JLAST

PO 10 1=2,ILASY

IFCABSFIUIFRIT4J)})-ERR) 10,10,1

CONTINUE

PRINT OUT FINAL RESULTS OF ITCRATION

WRITE OUTPUT TAPE 3,60

WRITE OQUTPUT TAPE 3,51,1TNUN

WRITE DUTPUT TAPE 3454,ERR

FUBMAT(/34HSTICP STERATION IF ABS{T(N+1)-T(N)-4E1l4.8,10H=0 OR LESS)

FURMAT (//31H FINAL RESULTS OF ITERATION//)
WRITE QUTPUT TAPE 3,602
FORMAT (461 | J TEMPERATURE DIFFyT(N+1)=T(N))

CO 7 J=1)LASTY,,JRITE

0O 7 I=1,LASTX,IRITE

WRITE OQUTPUT TAPE 3952419 JeUl14Jd)eDIFR(L,J)
FORMAT (214,4X%X,E15.8,4X9EL15.8)

IF DESIRED,READ IN NEW CONVERGENCE CRITERIA AND START WHERE LEFT OFF
READ INPUT TAPE 2,7054+ERR

FORMAT (F10.0)

IF(100.-ERR) 302,300,300

WRITE QUTPUT TAPE 3,305,ERR

FORMAT(//2THNEW CONVERGENCE CRITERIA = ,El4.8//)

60O TO 1

CHECK TO SEE IF LAST TIME INCREMENT HAS BEEN REACHED
IFITMAX~-TIME) 17,17,12

NO 15 1=2,LASTX

D0 15 J=2,LASTY

UOLD(T4J)=ulleJ)

GO 10 L4

caLL ExIt
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100
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HEAT TRANSFER,CONSTANT INTERNAL SCURCE, TWO DIMENSIONS
SGLUTION 8Y GAUSS SIEDEL WITh SPIRAL SCAN

DIMENSION U(41,41),00LD(41,41),DIFR(4],41)

READ INPUT TAPE 2,700,LASTXoLASTY  IRITEJJRITELJITER
FORMAT (514)

READ INPUT TAPE 24701,01FUS,COND,SORC,XGRID,YGRID
FORMAT (5FL12,0)

READ INPUT TAPE 2,702,TMAX,DELT,ERR

FURMAT (3F12.0)

REAN INPUT TAPE 2,703,8BO0UND.PITER

FORMAT (2F10.0)

PKINT OUT INPUT DATA FOR REFERENCE PURPOSES

WRITz OUIPLT TAPE 3,53,0ELT,SURC

FORMAT (LLIMODELTA TIME=Fl0.446Xy16HSOURCE STRENGTH=43F10.4/)
WRITE CUTRUY TAPE 3,55,01FUS,COND
FORMAT(/12HCIFFUSIVITY=3F10.4,6Xy 13FCINDUCTIVITY=,F10.4/)
WRITE CUTPUT TAPE 3,56

FORMAT{/44HTHIS RUN IS 20 GAUSS-SIEDEL WITH FULL SPIRAL/)
WKITE OUTPUT TAPE 3457,XGRID,YGRID,TMAX

FOIMAT (G6HXGRID=,F10.4453X,6HYGRIN=,F1C.4,3Xy9HMAX TIME=,F10.4/)
WRITE OUTPUT TAPE 3¢58,IRITE,JRITELJITER

FURMAT (/6HIRITE=y14,8H JRIIC=y14,8H JITER=,14/)

IF BOUND = C.0 OR =1.0,READ INITIAL VALUES AS INPUT DATA, OR IF
BOUND = 1.0,SET ALL POINTS EWUAL ZERO.
DO 3 J=1,LASTY

00 3 I=1,LASIX

I+ (BOUND) 100,100,101

RCAD INPUT TAPE 2,704,U(1,J)

FORMAT (Fl12.0)

ODIER(1,3)=C.0

UoLnD(1,J)=0(1,4J)

cu 10 3

uoLnD(l,4)1=0.0

DIFN{1,4JY=0.0

UlleJ)=0.0

CUNTINUE

COMPUTE CLINSTANTS

ILAST=LASTX-1

JLAST=LASTY-]
A={2./7(XGRID®#2))+(2./(YGRID#=2))
B=DIFUS*DELT

C=B8/(XGRIN##2)

D=R/[YGRID®=2}

G=l./11.¢8%A)

FzGe#3eSORC/COND

SET TIME STEPS AND ITERATION COUNTER
TIME=0.

TIME=TIME+DELT

[TNUM=0

WRITE QUTPUT TAPE 3,50,TIME
) 26,
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S0 FORMAT(/1B8HNEW TIME INCREMENT,F10,3)
1 I TNUMS ] TNUM+ )

WHEN PRINTING OUT LATA EACH HIERATION SET RITER =20.040R -l.0
OTHERWISE SET PITER = 1.0.
I[F (PITER) 3006,306,84

306 WRITE OUTPUT TAPE 3,451y 1TNUM

S5l FORMAT (/15X,16HITERATION NUMBER, [4/)

abo

C COMPUTATIONAL STEPS

84 II=1
JJd=2
I11=LLAST
JJJ=JLAST
COUNT=0,0

30 COUNT=COUNT+]1,0
IF(COUNT-1.0) 31,31,32

31 J=JJ
I1=11+1
GO TO 34

32 IF(COUNT-2.0) 33,33,36

33 I111=311-1

45 J=JJJ

34 DQ 35 I=11,111
P=GeCe(U(I+]1,J)+U(1I-1,J))
Q=G*D*(U(l,J+L)+U(]14d-1))
S=GaUOLD(]1,J)
UNEW=F+P+0Q+S
DIFR{I4J)=UNEW-U(1,J)

116 IF(JITER-J) 110,110,435

110 WRITE QUTPUT TAPE 3,52,19JsUNEW,DIFR(1,J)

35 UlleJ)=UNEKW
IF(II=-11]) 46,29,46

46 GO 10 30

36 IF(COUNT-3.0) 37,37,38

37 I=11
JJ=JJ+l
JJi=zddi-li
JEND=JJJ
60 19 39

38 1=111+1
JEND=JJJ+]

39 NO 44 J=JJ,yJEND
P=GeCe(UlI+l,ditUL]I-1,4))
Q=Ge0o(U(1,J+1)+U(1,4J=-1))
S=GeUOLD(]1,J)
UNEWzF+P+G+S
DIFR(T,J)=UNEW-U{I,4J)

40 IF(JITER-J) 41,4144

41 WRITEC QUTPUT TAPE 3,521 )JeUNEN,DIFR(1,4)

44 U(lJ)=UNENW
IF{COUNT=3.C) 30,430,647

47 COUNT=0Q.0
GO TO0 30

c CHECK CONVERGENCE OF Sg:gllﬂ“ AGAINST ESTABLISHED CRITERIA
d .
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DO 10 J=24JLAST

DO 10 1=2,1LAST
IF(ABSF(DIFR(I,J))-ERR) 10,10,1
CONTINUE

PRINT OUT FINAL RESULTS OF ITERATION

WRITE OQUTPUT TAPE 3,6C

WRITE DUTPUT TAPE 3451,1TNUM

WRITE QUTPUT TAPE 3,54,ERR

FORMAT(/34HSTCP [TERATION IF ABRS{T{N+1}-TIN)=4E14.8,10HsC DR LESS)

FORMAT ({//31H FINAL RESULTS OF IJTERATION//)
HRITE OUTPUT TAPE 3,602
FORMAT (4é&H | J TEMPERATURE DIFF, T(N+1)=T(N))

DC 7 J=1,LASTY,,JRITE

DO 7T I=1,LASTX,IRITF

WRITE QUTPUT TAPE 3452419 ULl 2J)sDIFR(1,J)
FORMAT (214,4X9EL15.844X9E15.8)

IF DESIREDLREAD IN NEwW CONVERGENCE CRITERIA AND START WHERE LEFT OFF
READ INPUT TAPE 2,705,LRK

FORMAT (Flu.0)

IF(100.-ERR) 3C€2,300,300

WRITEC OUTPUT TAPE 3,305,ERR

FURMAT(//27THNEW COMVERGENCE CRITERIA = 4El4.8//)

G0 70 1

CHECCK TO SEE IF LAST TIME INCREMENT HAS BEEN REACHED
IFITMAXK-TINME) 17,17,12

DO 15 I=2,LASTX

DO 15 J=2,LASTY

UOLDUT, ) =Ull 4 J)

GC IC l4

CaLl EXIT

END{LyGeUeUe0sCrleCoOyly0e0eCeGs0)

128,
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OVERRELAXATION DATA RUN

NEW TIMC

ovwsLrwn oVewnN owmdPwnN oS wnNn coVMdwuN

S,swnN

INCREMENT

TIME = 0.2

«200

ITERATION NUMBER 1l

cococoo

cocoo0O>

¥ .
«11835£72E+02
«18639951E+02
«22405365€+02
«26404534E402
«25423319€+¢02

ITERATION NUMBER 2

+19837496E+02
«31652511E+02
«38395C91E+02
«42103991E+02
«43346459E+02

ITERATION NUMBER 3

«25360193E+02
«&40854991E+02
+«50007493E+02
«54920496E¢+02
«56663761E+02

ITERATION NUMBER 4

«29337214E+02
«4T61T934E+02
+«58493375E+02
«64348760E+¢02
«66207560E+02

ITERATION NUMBER S

«32258438E+02
«52541071E+02
+64693040E+02
+T71143600€+02
«T3277410E+02

ITERATION NUMBER 6

)
6

6

6
6
6

«34390562€E+02
+5615T7207€E+02
+69202630E+02

129

SECoyH = 0.1 CMyERR = 0,005

residunl
«11835672E+02
+18639951E+02
«226405365€E+¢02
«26404534E+02
«25623319E+02

«80018240E+01
«13012560E+02
«15989726E+02
«1769945TE+02
«17923140E+02

«55226970E+01
«92024800E+01
«11612402E+02
«12816505E+02
«13317302€E¢02

+«39770210€E+01
«6T7629430E+01
+84858820E+01
«94282640E+01
«95437990E+01

«29212240E+01
«49231370E+01
+61996650E+01
«67948400E+01
+« 710698500E+01

«21321240€E+01
«36161360E+01
+45095900E+01
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o v

oOWVMEWwWnN [- G I VR VP WN owVnswNn oL wNn

CVEWN

6 6 J76175C30€E+02
6 6 .7835T7930E+02

ITERATION NUMBER 7

6 6 +35958567E+02
6 6 .58782838E+02
6 6 .T72517520E+02
6 6 .79789S10E+02
6 6

«82129770E+02
ITERATION NUMBER 8

6 6 «37093114E+02
6 6 60712752E+02
6 6 «74915920E+02
6 6 .B2479230E+02
6 6 .84836000E+02

ITERATION NUMBER 9

6 6 «37930510E+02
6 6 +62109970E+¢02
6 6 .76687140E+02
6 6 .84398650E¢02
6 6 .86847700E+02

ITERATION NUMBER 10

6 6 .38532838E+02
6 6 .63139090E+02
6 6 -T77958190E+02
6 6 .85836100E¢02
6 6 .88286590£+02

ITERATION NUMBER 11

6 6 .38980282£+02
6 6 .63880880E+02
6 6 .78908140€+02
6 6 .86855170E¢02
6 6 .89361170E+02

ITERATION NUMBER 12

39299386 7E+02
«64432660€+02
«79580200€+02
«87623640E+02
«90125210€+02

ccooo
coooo

130

«50314300E+01
«50805200E+01

«156840650E+01
«26256310E+01
«33148900E+01
«36148800E+01
+37718400E+01

«11341470E+01
«19299140E+01
«23984000E+01
«26893200E+01
«27062300E+01

«83739600E+00
«13972180E+01
«17712200€E+01
«19194200E+01
«20117000€+01

«60232800E+00
«10291200E+01
«12710500€+01
+14374500E+01
«14388900E+01

«44744400E+00
+ 741 79000E +00
«94995000E+00
«10190700E+01
+10745800E+01

+31908500E+00
+«55178000E+00
«67206000€ +00
+ T6847000E+00
« 16404000E+00
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VS WwN oVMSwN COWVMPWN [« JC RPNV oS wnN

[- R TN )

ITERATION NUMBER 13

cooo0Oo

6
6
6
6
6

«39540271E+02
«64824630E+02
«80090450E +02
«88164880E+02
«90700150E+02

ITERATION NUMBER 14

cocoo0o

6
6
6
6

6

«39707595E +02
«65121470€+02
+80445510E+02
+88575520€E+02
«91105250E+02

ITERATION NUMBER 15

coccoo

6
6
6
6

6

«39838593E+02
«65328000E+02
«80719400E+02
+88862960E+02
«91413090€E+02

ITERATION NUMBER 16

«39925239E+02
«65487780E+02
«80907200E+02
+89082480E+02
«91627T760E+02

ITERATION NUMBER 17

coooO

«39997249E+02
+65596810E+02
+81054130E+02
+89235080E+02
»91792€90E+02

ITERATION NUMBER 18

o000

coooro

«40041580E+02
«65682530€+02
+8L153440E+02
+89352440E+02
+91906360E+02

131

«24090400E+00
+39197000E+00
«51025000€+00
«54124000€E+00
«57494000E+0Q0

+«16732400E+00
+29684000E+00
«35506000E+00
«41064000€+00
«40510000€+00

«13099800E+00
«20653000E+00
«27389000€+00
«28744000E+00
«30784000E+00

«86646000E-01
+«15978000E+00
«18780000€+00
«21952000E+00
«21467000E+00

« 72010000€E-01
« 10903000€+00
« 14693000E+00
«15260000€E+00
+ 16493000E+00

+44331000€E-01
«85720000E-01
+99310000€-01
+11736000E+00
«11367000€+00
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Vv SWN ovVeP Wi owMdwN ownspwN COWVMHwN

owvswnN

[TERATION NUMBER 19

corooO0O0

coooro0rO

«40081412€E+02
«65740310€¢02
«81232300t+02
«89433450E+02
«91994770E+02

ITERATION NUMBER 20

«40103881E+02
«65786110E¢02
«81284740E+02
«896496200E+02
«92054930E+02

ITERATION NUMBER 21

«40125%95€+02
«65816870E+02
«B81327140E+02
«8953920QE+02
«92102350€+02

ITERATIUN NUMBER 22

«&0137283E¢02
«65841240€+02
«+81354770E+02
«89572760E+02
+92134160E+02

ITERATION NUMBER 23

cocooo

«40149585E+02
+65857690€+02
«813T77620€+02
«895955T70€E+02
«92159600E+02

ITERATION NUMBER 24

ccorocoC

coocooO

«40155211€+02
«65870600€E+02
«81392120E+02
«89613520E+02
«92176410€+02

132

+39832000£-01
«57780000E-01
« 78860000E-01
+81010000E-0L
+88410000E-01

«22469000€E-01
«45800000€-01
+52440000€-01
«62750000€-01
«60160000E-01

«22114000E-01
«30760000E-01
«42400000E-01
«43000000E-01
+4T7420000E-01

«11288000E-01
«24370000E-01
+«27630000E-01
«33560000E-01
«31810000€-01

«12302000€E-01
«16450000€E-01
«22850000€E-01
»22810000E-01
+25440000€-01

«56260000E~-02
+12910000€E~01
«14500000€-01
+17950000E~-01
«16810000€-01
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ITERATION NUMBER

2 6 6
3 6 6
4 6 6
5 6 6
6 6 6

ITERATION NUMBER

25

«40162C44E+02
«65879430E+02
«81404490E+02
«89625630E+02
+«92190C80E+02

26

«40164849€+02
«65886260E+02
«81412050E+02
«89635220E+02
«92198960E+02

RATION NUMBER 27

«40168617TE+02
«65891C00E+02
«81418780E+¢02
+«89641660E+02
«92206290E+02

ITERATION NUMBER 28

«40170C28E+02
«65894620E+02
«B81422690E+02
«89646760E+02
«92210980E+02

ITERATION NUMBER 29

2 6 6
3 6 6
4 6 6
5 (] 6
6 6 6
ITE
2 6 6
3 6 6
4 6 6
S 6 (]
6 6 6
2 6 6
3 6 6
4 6 6
5 6 -]
6 6 6
2 6 6
3 6 6
4 6 6
5 6 6
6 6 6

«40172096E+¢02
«65897150E+02
«81426350E+02
«89650210€E+02
«92214920E+02

FINAL RESULTS OF ITERATION

node
2 2 2
3 2 2
4 2 2

temperature

«11337487E+02
«16195€678E+02
«18495888E+02

133

«68330000€E~02
+»88300000€E~02
«12370000€~01
«12110000E~01L
«13670000E-01

«28050000€E~02
«68300000E~-02
« 75600000&~02
«95900000E~-02
«88800000€-02

«37680000E-02
+4T7400000E-02
«67300000€-02
«64400000€-02
«73300000€~-02

«14110000€E-02
«36200000€E-02
«39100000€~-02
«51000000E~-02
+«46900000E-02

+20680000€-02
+25300000E-02
+36600000E-02
+34500000E-02
+39400000€-02

residual

«22420000E~-02
«19200000E~-03
+»20890000€-02
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NOVIPWNOVEWNOVEUNOVMIEWNANOCWVMSPWNOVSIBNOCOVSIWNCV SN T SWNOW

NOOCOCOOVVMVVUVEILLILIWWWWWNNNNNOCOOCOOTVMVY VUVLVNESL, ST WWWWNN

«195581723E+02
«19871819€+02
«16195676E+02
«24076847E+02
«280T71184E+02
«29983233E+02
«30552516E¢02
«18495887E+02
«280T1186E+02
«33137749E+02
«35623870E+02
«36373500€E+02
«195581725€E+02
«29983231E+02
«35623872E 02
«38433894E+02
«39286017€E+02
«19871821E+02
«30552516E+02
«36373503E+02
«39286017E+02
«40172094E+02
«16195675E+02
«240T76848E+02
«28071187€E+02
«29983231E+02
+30552520€+02
«24076848BE+02
«37132153E+02
«44140288E+02
«47593100E+02
«48633861E+02
«28071187€+02
+44140283E+02
«53091383E+02
«57599982E+02
«58972680E+02
«29983232€+02
«47593105E+02
«57599981E+02
«62705980E+02
+64270530€E+402
«30552517€E+02
«48633858E+02
«58972676E+02
«64270530€+02
«65897140€+02
+«18495887€+02

134 '

«61000000E-04
+«16750000€-02
«18700000£-03
« 79000000€-03
«77900000£-03
«11780000€-02
«94500000€~-03
«20860000€-02
« 77900000€-03
«23800000E-02
«94200000€-03
«21360000E-02
«61000000E-04
«11720000€-02
«94600000€E-03
«17440000£-02
«12150000€E-02
+16760000€E-02
+94400000€-03
«21390000€E~-02
«12130000€-02
« 20640000E-02
«18800000E-03
« 79200000€~-03
«78200000E-03
«11730000E-02
«95200000£€-03
« 79300000€-03
«12610000€-02
+16250000€~-02
«17370000€-02
«18450000€-02
« 78000000€-03
«16160000E~-02
+18840000€E-02
«22970000€E-02
«21910000E-02
+11730000E~-02
«17460000E-02
«22940000E-02
+«24100000E~02
«25800000E-02
+94400000€E-03
«18410000€~-02
«21850000E-02
+«25800000E~02
+2510D000E~-02
+20900000E~02
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WOUNOUOUNO‘UI&NNO’UI&Q'NO‘UI&wNO'U‘J\uNOU‘&WNO‘\.ﬂwaO\ﬂ#UNO‘U"J‘w

COOCOVMVVVMVMALLSELWWWWWNNNNNOCOORrRVULVMVVMESSSPIPULGLLEWUNNNRR

«28071185€+02
«331371748E+02
«35623870€£+02
«36373500E+02
«28071185E+02
«44140289E+02
«53091380E+02
«57599985E+02
«58972683E+02
«33137744E+02
«53091387E+02
«64588170E+02
«70494550E+02
«72310C30E+02
«35623874E+02
«57599976E+02
+«710494550€ +02
«T77198940E ¢02
«79270700E+02
«36373498E +02
«58972678E+02
«72310C20E+¢02
« 79270690k +02
«81426340E+02
«195581725E+02
«29983231€E+02
«35623870€+02
«38433898E+02
«39286C16E+02
«29983233€E+02
«47593105E+02
«57599945E+02
«627053970E+02
«64270530E+02
«35623874E+02
«57599977€+02
+« 70494550€+02
« TT198940E +02
«T79270700E+02
«38433898E+02
«62705980¢& +02
e 717198940€+02
«84818670E+02
«87186380E¢02
«39286018E+02
+6464270530E+02
«T79270680E+02
«87186270E+02

13§

«77900000€~03
«23770000E-02
«94500000E-03
«21320000£-02
« 77900000£-03
«16230000€~-02
«18720000€-02
«22990000E~-02
«21930000E-02
«23710000€-02
«18890000€-02
«34500000E-02
«25200000E-02
«34800000E-02
«95100000€-03
«22810000E-02
»25200000E-02
+32400000€E-02
«29800000€-02
«21300000€E-02
«21890000E-02
«34700000E-02
«29700000E-02
«36400000E~02
«63000000€E-04
«11730000€E-02
«94400000€-03
+17520000€E-02
«12130000€-02
«11770000€~-02
«17430000E-02
«22990000E-02
«23900000€-02
«25800000E-02
+«95100000€-03
+22840000E-02
+25200000€-02
«326400000E-02
+«29800000E€-02
+17490000€-02
+«24100000€~-02
«32500000€E-02
+33100000€-02
+36300000€E-02
«12150000€-02
+25800000€-02
+29500000E~02
«36200000€~-02
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DIFFUSIVITY
DELTA TIME

XGRID=
MAX T[ME

QUTPUT CONTROLS ARE IRITE 1

KRITE 1

CVSHPWNOMPSPWNOOVMMBWNOVWSRLWLNOWVSWNDG
COOCOOVUVWVWVMESITIPIPIUUWRLWWNNNNNDS

1.0000
«2000

«1000

cocoorCcCcOrOr0CcOrOCcOCOCOCOCOCOCOCOCCOROCOCOCOOW

«89650210E+02
«19871821E+02
+30552519€E+02
+36373501E+02
«39286017€+02
«40172C98E+02
«30552517€E+02
«4856338B65E+02
+589T72679E4+02
«64270530E+02
«65897130E+02
«36373502E+02
«58972683E+02
«72310C30E+02
«T9270700E+02
«B81426340€E+02
«39286C18E+02
«64270530E+02
«T19270680E+02
«87186370E+02
«89650210E+02
«40172C96E+02
«65897150E+02
«81426350E+02
«89650210E+02
«92214320E+02

CONDUCTIVITY
SOURCE STRENGTH 2000.0000

YGRID=

«2000STOP WHEN ABSDIFF~

JRITE

186.

. 34500000E-02
«16770000€-02
<95000000E~03
«21340000E~02
«12160000E~02
«20700000€-02
«94400000E-03
.18510000E~02
+21840000E-02
«25800000E-02
«24900000E~02
+21370000€~-02
.21930000€-02
« 34800000E-02
«29800000€-02
. 36400000€-02
«12150000€-02
«25800000€-02
«29500000E~02
+36200000E~02
«34400000E-02
.20680000t~02
.25300000E-02
«36600000€~02
« 34500000E-02
«39400000E~02
1.0000

LGR1ID=

+«50000000E-02 IS ZERO OR LESS

1

KITER 6 JITER & CHOSE 0.000

«1000
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DATA RUN GAUSS SIEDEL

NEW TIME INCREMENT

WV EWN oV wn [« SRV BP VAR, ¥ owmswnNn

oWwEsEWwWwnN

200

ITERATION NUMBER 1

nege

Lo e -
coccocero

temperature
049352900E+01

«61509471E+01
064493826E+01
¢65222818E+01
«65399740E+01

ITERATION NUMBER 2

oo O

6
6
6
6
6

«88801862E+01
¢11733575E+02
+12595459E+02
e12844798E+02
¢12909294E+02

ITERATION NUMBER 3

ocorcro0
o000

«12185228E+02
¢16783346E+02
«18385662E+02
»18910285€E+02
¢19052105E+02

ITERATION NUMBER 4

[
o

¢15032849E+02
+21351303€+02
¢23796226E+02
«24671974E+02
«249168B19E+02

ITERATION NUMBER 5

6 6
6 ]
6 6
6 6
6 6

¢17527906E+02
¢25486291E+02
+28814165€E+02
+30098025E+02
¢30464459E+02

ITERATION NUMBER 6

37

T=0e2 SEC

ERR=0,005

residual
¢49352900E+01
¢61509471E40]
¢64493826E+01
¢65222818E+01
+65399740E+01

¢39448962E+01
+55826280E+01
«61460770E+01
¢63225170E+01
¢63693200E+01

¢33050420E+01
¢50497710E+01
¢57902030E+01
¢60654870E+01
¢61428110E+01

028476210E+01
045679570E+01
¢54085640E+01
¢57616890E+01
¢58647140E+401

+24950570E+01
+41349880E+01
¢50199390F+01
«54260510€401
«55476400E+01

H=0.1
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owm W [+ AN O VTN ¥ oWnmEswN oV EwnNn oW B w N

[+ T B P VLN V]

oo o

L e S« SN e

«19736819E+02
029231800E+02
¢33450971E+02
e35171236E+02
«35670706E+02

[TERATION NUMBER 7

Lo a0« 0= 0« ¢ 3

Lo ot e 0~ ¢ N e )

«21705484E+02
032626222E+02
«37718101E+02
¢39886695€E+02
e40524592€+02

ITERATION NUMBER 8.

coocoro

[o 000 e 08 ¢ 04 )

¢23467933E+02
«35703599E+02
«41632842E+02
046248880E+02
«45025903E+02

ITERATION NUMBER 9

[+ 0« S« 0 - 0 ¥

[+ 0 e . s

¢25050775E+402
©38494323E+02
245219152€+02
«48268970E+02
«49182403€402

ITERATION NUMBER 10

026475626E+02
041025641E+02
048496204E+02
¢51962594E+02
¢53007382E+02

ITERATION NUMBER 11

[ 0 0 e )

[ 3> e o e

¢27760516E+02
*43322061E+02
¢51487394E402
+55348087E+402
¢56517688E+02

¢22089130E+01
«37455090E+01
046368060E+01
¢50732110€+01
¢52062470E+01

+19686650E+01
¢33944220E+01
042671300E+01
¢47154590F+01
+48538860E+01

017624490E+401
¢30773770E+401
¢39157410E+01
043621850E+01
¢45013110E+01

¢15828420€+01
02790724GE+01
¢35853100E+01
«40200900E+01
¢41565000E+01

e14248510E+01
«25313180E+401
¢32770520E+01
¢36936240E+01
¢38249790E+01

¢12848900E+01
222964200E+01
¢29911900F+01
+33854930€+01
¢35103060£+01
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ovVEsWwnN oOvVESWN oM EswnN oVveE WwnN oVMe wWwN

wmewNn

ITERATION NUMBER 12

oo O

6
6
6
6

o

«28920777E+02
¢45405671E+02
e54214692E+02
e58445213E+02
«59737212E+02

ITERATION NUMBER 13

[ - e W0 (e

oo

029969620E+02
e0472964C6E+02
056699244E+02
061274204E+02
«62670778BE+02

ITERATION NUMBER 14

oo

30918556E+02
049012283E+02
¢58961106E+02
«63855123E+02
«65353378E+02

ITERATION NUMBER 15

17

[« e S BN e ] m Lo 3o e e e )

ccoorOrO

[« ¢ e e e ]

¢3177768B4E+02
«50569593E+02
«61019115€E+02
066207443E+402
e67799611E+02

RATION NUMBER 16

¢32555933E+02
¢51983078E+02
062890829E+02
068349745E+02
¢«70028350E+02

ITERATION NU“BER 17

oo

[« 3 -

033261224E+02
¢53266087E+02
064592516E+02
«T10299569E+02

'“.

«11602610E+01
«20836100€E+401
027272980E+01
¢30971260E+01
¢32145240E+01

¢10488430E+C1
«18907350E+01
024845520E+401
¢28289910E+01
¢29385660E+01

«94893600E+00V
e17158770E+01
¢22618620E+01
«25809190E+01
¢26826000E+01

«85912800E+00
¢15573100E+01
¢20580090E+01
¢23523200E+01
024462330E+01

«77824900E+00
«14134850E+01
«18717140€E+01
021423020E+01
¢22287390E+01]

¢ 70529100E+00
«12830090E+01
«17016870E+01
¢19498240E+01
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oV eEwnNn oOveESwNn [+ BN A R ¥ [o SN P S VS I\ V]

oL wWwN

w N

b [

«72057505£+02

ITERATION NUMBER 18

[o 0« S e S e S o
[ - e e 0« 3

+33900624E+02
e564430714E+02
«66139197E+02
«72073331E+02
¢ 73903912E+02

ITERATION NUMBER 19

cooore o
a0

¢34480452E+02
¢55487917€+02
e675446T4E+02
¢ 73686290E+02
«75583279E+02

ITERATION NUMBER 20

6

oo O

6
6
6
6

¢35006383E+02
5644 T635E+02
«68821617E+02
e75152556E+02
e77110165E+02

ITERATION NUMBER 21

oo
oo

¢35483510E+02
«57318872E+02
¢69981606E+02
«76485135E+02
«78498025E+02

ITERATION NUMBER 22

[+ 0 o . ¢
oo

¢35916428E+02
«58109802€+02
+71035240F+02
¢ 77695965E+02
¢79759219E+02

ITERATION NUMBER 23

6 6
6 6

¢36309280E+02
¢58827842E+02

(40,

¢20291550E+01

¢63940000E+00
¢11646270E+01
¢15466810F+01
¢17737620E+01
¢18464070E+01

¢57982800E+00
010572030€E+01
¢14054770E+0Q1
¢16129590E+01
«16793670E+01

¢52593100E+400
¢95971800E+00
¢12769430E+401
014662660E+01
015268860E+01

e47712700E+00
«87123700E+00
¢11599890E£+01
013325790E+01
«13878600E+01

«43291800E+00
¢ 79093000E+00
¢10536340E+01
¢12108300E+C1
«12611940€+01

+39285200E+00
«71804000E+00
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oOveswnNn owswNn oWV E whN oWV wiv o

oVeS N

6 6
6 é
6 6

ITERATION NUMBER

6 6
é 6
é é
6 6
6 6
ITE
6 6
6 6
6 6
6 6
6 6

¢ 71992185E+02
s 78795996E+02
«80905099E+02

24

¢36665B08E+02
¢59479710E+402
«72861239E+02
e 79795230E+02
¢81946054E+02

RATION NUMBER 25

+36989357E+02
«60071513E+02
¢ 72650439E+02
«80702814E+02
e82891585E+02

ITERATION NUMBER 26

oo

6
6
6
6
6

ITERATION NUMBER

oo
[o A0 e S o SR~ (o

ITERATION NUMBER

6 6
6 6
6 6
6 6
-] 6

ITERATION NUMBER

¢37283106E+02
«60608790E+02
¢ 74367081E+02
«81527080E+02
+837503E3€E+02

27

¢37549710E+02
e61096567E+02
«75017817E+02
«82275630E+02
«84530266E+02

28

e37791716E+02
¢61539409€+02
«715608685E+02
«82955381E+02
+85238512E+02

29

(41,

¢95694500E+C0
¢11000310FE+01
¢11458800€E+01

¢35652800E£+00
¢65186800E+00
¢86905400E+00
¢99923400E+00
¢10409550€8+01

«32358900E+00
«59180300E+00
+ 78920000E+00
¢90758400E+00
¢94553100E+00

¢29370900E+00
¢53727700E+00
«71664200E+00
«82426600E+00
«8587680GE+00

026660400E+00
o48777700E+00
«65073600E+00
«74855000€+00
«77991300E+00

¢24200600E+00
¢ 64284200E+00
«59086800E+00
«67975100E+00
¢ 70824600E+00
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owmeswnNn owmswN v wN ows wnN onEsEwNn

ovs wNn

Lo e (o S« s

[ea0e Sl e 0+ e 0}

«38011403E+02
¢61941450E+02
e 761451858402
e83572632E+02
+85831652E+02

ITERATION NUMBER 30

o ¢ 0o S0 NN« ]

Lo 20 ¢ SR N ¢ e )

¢38210836E+02
¢62305459E+02
¢ 76632308E+02
e84133]107E+02
«8646564TE+02

ITERATION NUMBER 131

oo

[o 0« S« S0 e 0o ]

«38391882E+02
062637B4TE+02
«7T074589E+02
e84642014E+02
086995924E+02

ITERATION NUMBER 32

oo o

oo

«38556245E+02
«62938702E+02
e 77T4T76153E+402
«85104090E+02
eB87477400E+02

ITERATION NUMBER 133

oo o

6
6
6
6

6

¢38705457E+02
063211850E+02
e 7178B40747E+02
¢85523636E+02
«B7914566E+02

ITERATION NUMBER 34

Lo e 0 e e N

oo

«388409522E+02
+63459835E+02
e78171769E+02
¢85904559E402
+B88311493E+402

142,

e21968700£+00
0402041 00E+00
¢53650000E+00
61725100E+00
¢64314000E+00

¢19943300E+400
+36500900E+00
«48712300E+00
¢56047500E+00
¢58399500E+00

+18104600F+00
©33138800E+00
e 44228100E400
«50890700E+00
53027700400

¢16436300E+00
«30085500E+00
«40156400E+00
+46207600E+00
«48147600E+00

«14921200E+C0
¢27314800E+00
¢36459400E+00
¢41954600E+00
«43716600E+00

¢13546500E+400
¢24798500E+00
¢33102200E+00
«38092300E+00
¢39692700E+400
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ocoVveEwnNn owps whNn VL WN

[ AV JF SV N N

weEwnNn

oVvwPwWN

ITZRATION NUMBER 135

IT

[« 0 e o N« ] m [« 0 e ¢ ¢ 8

cocooror

o

¢38963505E+402
¢636849T76E+02
¢T84 72308E+02
286250416E+02
+88671880E+02

RATION NUMBER 36

¢39075556E402
+63889382E+02
+78745170E+02
¢86564423E+02
+88999084E+02

ITERATION NUMBER 137

oo

[ e e R« e

¢39176923E~02
e64074960E+02
¢ 78992909E+02
+86849521E+C2
+89296165E+402

ITERATION NUMBER 138

¢39268951E+02
064243445E+02
«79217827E+02
¢87108364E+02
+89565886£+402

ITERATION NUMBER 139

[« - N s e ]

039352499E+02
064396410E+02
¢79422030E+02
«87343369E+02
«89810770E+02

ITERATION NUMBER 40

oo

[ 3 e ]

¢39428353E+02
«64535285E+02
079607429E+02
«87556730E+402

143.

¢12298300§+00
+22514100E+00
+30053900E+00
+34585700E+00
+36038700E+00

¢11165100E+00
¢20440600E+00
¢27286200E+00
¢31400700E+00
¢32720400E+00

«10136700E+00
¢18557800E+00
¢24773900£+00
¢28509800E+0U
¢29708100E+00

«92028000E~01
«16848500E+00
¢22491800€£+00
+25884300E+00
¢26972100E+00

«83548000E=01
+15296500E+00
¢20420300E+00
+23500500E+00
024488400E+00

¢75854000E-01
+13887500E+00
+18539900E+00
21336100E+00 ~
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WS WN coWvVeEwnN oVeEwnN [+ JRE LN VARV

[« AV BF T ]

wN

6 6

ITERATION NUMBER

Lo 3 < S0 o S0 o S0 o ]
oo

+90033097E+02
41

039497219E+02
«64661367E+02
«79775748E+02
o87750442E+02
¢90234955E+02

ITERATION NUMBER 42

[« e S N
[« ]

ITERATION NUMBER

oo
oo

ITERATION NUMBER

6 6
6 6
6 6
] 6
6 6

¢39559741E+02
«64775836E+02
«719928569E+02
«87926315E+02
«90418219E+02

43

¢39616504E+02
e64879765E+02
«80067315E+02
«88085990E+02
¢90584608E+02

44

¢396680238E+02
649741215402
«B80193279E+02
«88230956E+02
¢90735667E402

ITERATION NUMBER 45

6

o0

6
6
6
6

¢39714828E+02
«65059780E+02
¢80307644E+02
«88362575E+402
«90872821E+02

ITERATION NUMBER 46

6 6
6 6

«39757305E+02
«65137556E+02

44,

022232700E+00C

«68866000E=-01
¢12608200E+00
«16831900E+00
¢19371200E+00
«20185800E+00

¢62522000E-01
¢11446900E+00
¢15282100E+00
¢17587300E+00
+18326400E+00

¢56763600E-C1
+10392900E+0U
¢13874600E+0V
¢15967500E+00
«16638900E+00

¢51534000E~-01
¢94356000£-01
¢12596400E+00
¢14496600E+00
¢15105900E+00

+46790000E-01
+85659000E-01
¢11436500E+00
¢13161900E+00
¢13715400E+00

«42477000E-01
¢77776000FE=~01
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WM EWN Lo BV S VU V] [ JJRC B SN V) owmewN aowv

oVvEwWwnN

6
6
6

6

6
6

080411472E402
+88482070E+02
+90997336E+02

ITERATION NUMBER 47

ocoocoo o

[e e S 0« 0 ¢

¢39795870E+02
265208166E+02
«80505739E+02
+88590558E+02
«91110385E+02

ITERATION NUMRER 48

E
6
6
6
6
6

[« e 0« S« I+ 8

¢39830885E+02
065272270€+02
¢80591321E+02
+88689054E+02
091213024E+02

ITERATION NUMBER 49

oo

oo

¢39862671E+02
¢65330470E+02
+80669023E+02
«88778474E+02
291306204E+02

ITERATION NUMBER 50

o000

[ < 0 < ¢ 3

¢39891531E+02
#65383313E+02
«80739565E+02
+88859661E+02
¢91390804E+02

ITERATION NUMBER 51

[ N O e )

039917735E+02
065431285E£+02
«80803612E+02
+88933371E+02
291467613E+02

ITERATION NUMBER 82

146,

¢10382800E+400

¢11949500E+00
+12451500E400

*38565000E-01
+70610000€-01
¢94267000E=-01
+10848800E+00
+11304900E+00

«35015000E-01
¢64104000E-01
¢85582000E=-01
¢98496000E=-01
¢10263900E+00

¢31786000E-01
+58200000€E-01
¢77702000E-01
¢89420000€~-01
«93180000£-01

¢28860000£-01
©52843000E-01
+70542000E=-C1
¢81187000E~01
¢84600000£-01

¢26204000E-01
247972000£-01
¢64047000E-01
¢7371C000E-Q1
+76809000£-01
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Lo 3¢ N« S0 « RN 3

[s e S ¢ 0 e )}

6
6
6
6
6

¢39941523E+02
065474840E+02
«80861762E+02
«89000295E+02
«91537348E+02

RATION NUMBER 53

¢39963120E+02
e65514382E+02
+80914552E+02
+89061050E+02
¢91600660E+02

ITERATION NUMBER 54

cooocO0rO

6
6
6
6
6

¢39982730E+02
¢65550283E+02
«80962483E+02
+89116210E+02
¢91658140E+02

ITERATION NUMBER 55

[« 0« S < s S 0 ] cooorOO

oo

«40000530E+02
«65582878E+02
«81005999E+02
¢89166291E+02
«91710325E+02

RATION NUMBER 56

¢40016691E+02
065612470E+02
«81045506E+02
¢89211758E+02
¢91757701E+02

RATION NUMBER 57

+40031366E+02
¢65639336E+02
+81081373E+02
«89253035E+02
¢91800718E+02

146,

«23788000E=-01
e43555000E=-01
¢58150C00E=-01
¢669240005-01
e69735000E-01

¢21597000E=-C1
¢39542000E-01
¢52790000E-01
«60755000E-01
¢63312000E=-01

¢19610000E-01
+35901000F-01
¢47931000E-01
¢55160000F =01
¢57480000F~01

«178C0000E-01
¢32595000E=-01
«43816000E-01
«50081000F=-01
¢52185000E-01

«16161000E-01
¢29592000E-C1
¢39507000F-01
e 45467000E-01
¢47376000E~-01

¢ 14675000E~-C1
026866000E-01
¢35867C00E-01
e41277000F-01
«43017000E-~01
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ITERATION NUMBER 58

Lo s e s R0 ]

Lo JNo R S0 e

e40044689E+02
e65663728BE+02
«81113936E+02
¢89290513E+02
091839766E+02

ITERATION NUMBER 59

oo

oo

«40056783E+02
«65685872E+02
«81143500E+02
¢89324538E+02
091875226E+02

ITERATION NUMBER 60

oo

«40067765E+02
«65705979E+02
«81170341E+02
e89355427E+02
¢91907413E+02

ITERATION NUMBER 61

¢40077734E+02
¢65724233E+02
«81194713E+02
«89383472E+02
¢91936636E+02

ITERATION NUMBER 62

[ 0 < s -

«40086786E+02
¢65740805E+02
«81216833E+02
¢89408934E+02
091963168E+02

ITERATION NUMBER 63

[ - -

oo

+40095003E+02
«65755850E+02
«81236921€+02
¢89432052E+02

147,

¢13323000€~01
¢24392000E5-01
¢32563000E~01
¢37478000E~01
¢39048000E-01

«12094000E-01
022144000€E-C1
¢29564000E-C1
«34025000E-01
¢35460000E-01

+10982000E-01
¢20107000E-01
+26841000E-01
+30889000E~01
«32187000€~-01

¢99690000E-02
¢18254000E~01
¢24372000E-01
028045000£-01
¢29223000€-01

+90520000€E-02
¢16572000E-01
¢22120000E-01
025462000E~01
¢26532000E~01

+82170000E-02
+15045000E-01
«20088000€-01
#23118000E-01
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6 6 +91987258E+02

ITERATION NUMBER 64

«40102464E+02
065769510E+02
¢81255156E+02
«83453039E+02
+92009131E+02

oo
[ 2+ ¢ B¢ K0 )

ITERATION MUMBER 65

6 +40109237E+02
6 «65781911E+02
e81271717E+402
6 +89472N95E+02
6 «92028985E+02

coro0rOO
()]

ITERATION NUMBER 66

«401153E 7402
«65793169E+02
+81286745€402
«89489396E+402
+92047015E+02

e 0N e S« e S o )
[+ 20 S e (e R ¢ ]

ITERATION NUMBER 67

«40120970E+02
«65803392E+02
«81300392E+02
«89505100E+02
¢92063380E+02

Lo J« 0« e 0« )
[ 3« JJ < e e }

ITERATION NUMBER 68

6 «¢40126038E+02
6 «65812672E+02
«81312784E+02
6 «89519360E+02
6 ¢92078239E+02

oo
o

ITERATION NUMBER 69

€
6 6 +40130640E+02
6 6 +65B821096E+02

148

¢24090000€E-01

¢ 74610000E-02
¢13660000€-01
¢18235000E-01
«20987000E=-01
«21873000E-01

e67730000E-02
¢12401000E=-01
e16561000E-01
¢19056000€-01
¢19854000F-01

¢61500000E-02
¢11258000£~01
«15028000€E-01
¢17301000E=-01
«180300C0E-C1

+55830000E-02
e 1N223000F-01
«132647C00E=-01
«15704000€-01
¢16365000E=-01

«50680000E-02
¢92800000F=02
¢12392000€E-01
¢14260000E-01
¢14859000E-01

«46020000E~02
+84240000E-02
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6 6 «B1324033E+02
] 6 «89532308E+402
6 6 ¢92091727E+02

ITERATION NUMBER 70

6 6 «40134818E+02
6 6 +65828749E+02
6 6 eB1334244F+02
6 6 #89544059E+02
6 6 ¢92103976E+02

ITERATION NUMBER 71

«401386]1E+02
«65835693E+02
«81343517E+02
¢89554730E+02
¢92115094E+02

cooororO

ITERATION NUMBER 72

¢40142055E+02
«65841997E+02
«81351936E+02
e89564420E+02
092125192E+02
ITERATION NUMBER 73

«40145183E+02
e65847723E+402
«81359579€+02
«89573216E+402
¢921364357E+02

oo m [+ - 0 e e m oo
s < B s e

coCrO>

ITERATION NUMBER 74

6 6 «40148021E+02
6 6 +65852923E+02
6 6 «81366517E+02
6 6 «89581199E+02
é 6 092142679E+402

ITERATION NUMBER 75

1449,

¢11249000E~-C1
¢ 12948000E-C1
«132488000E-01

+41780000E~02
¢ 76530000E-02
¢10213000E-01
«11751000£-01
¢12249000E=-01

¢37930000E-02
¢69440000E=-02
¢92710000E-02
¢10671000E~01
«11118000£-01

¢ 34440000E-02
¢63040000E=-02
¢8419000CE-02
¢96900000E-02
+10098000E-01

«31280000E~02
¢57260000£-02
¢+ 716430000E~-02
«87960000E-02
¢91650000E~02

+28380000€E-02
«520C0000E-02
+69380000E-02
+79830000E -02
«83220000E-02
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¢40150599E+02
«65857640E+02
«81372816E+02
+8958B8450E+02
¢92150230E+02

ITERATION NUMBER 76

oo

e A0 0 0~ S« 6

¢40152938E+02
e65861925E+02
«81378536E+02
«89595029E+02
¢92157088E+02

ITERATION NUMBER 77

¢40155063E+02
«65865812E+02
«81383728E+02
«89601005E+02
e9216331€6E+02

ITERATION NUMBER 78

coocoo

«40156991E+02
«65869343E+02
¢81388442E+02
¢89606429E+02
«92168968E+02

ITERATION NUMBER 79

[ J3s S e e )

e40158743E+02
«65872551E+02
e81392722E+02
+B896113E8E+02
092174101E£+02

ITERATION NUMBER 80

oo

oo

«40160331E+02
«65875463E+02
+81396610E+02
«89615831E+02
¢92178763E+02

1§0.

¢25780000E-02
«47170000E=02
¢62990000E~02
¢72510000E~-02
¢«75510000E=-02

¢23350000E-02
¢ 4285C000E=-02
+57200000€~-02
¢6579C000E=C2
+68580000E-02

¢21250000E-02
+3887C000E~02
«51920000E-02
¢5976000NF=N2
«622€0000E-02

«19280000E-02
¢35310000E=-02
¢47140000E-02
¢5424C000E-C2
¢56520000E=-02

«17520000E-02
¢3208C000E~C2
¢42800000E-02
¢49250000E=-02
¢51330000E=-02

«1588C000E~02
¢29120000E~-02
+38880000E~02
¢44730000E~-02
0466200008-02
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. FINAL RESULTS OF ITERATION
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terperature
¢11335533E+02
e16193666E+02
018492290F+02
¢19555513E+02
+19867755E+02
¢16193666E+02
024072778E+02
¢28065678E+02
029976634E+02
e30545704E+02
016492290E+02
¢28065678E+02
¢33129558E+02
¢35615056E+02
e36362747€+02
¢19555513€+02
029976634E402
¢35615056E+02
e38423278E+02
039275121€+02
¢19867755£+02
e30545704E+02
036363747E+02
e39275131E402
040160331E+02
016193666E+02
024072778E+02
¢28065678E+02
0e29976634E402
«30545704E+92
¢24072779E+02
037124431E+02
«44129680E+02
«47580711E+02
«4862084B8E+02
28065678E+02
044129680E+02
¢53076940E+02
«57583003E+02
¢58954961E+02
029976634E+02
«47580711€+02

18t

residual
+18500000£~-03

.¢33900000E-03

+452000005~-03
¢52000000E-03
¢54300000£~03
¢33900000E-C3
«61800000E=-03
«82800000E-C3
¢95200000E-03
¢99300000E-013
¢45300000E-03
¢82800000E-03
«11070000£-02
¢12730000E-C2
¢13260000E-02
¢52000000E-013
¢95200000€-03
¢12730000E-02
¢146500005~02
¢15240000£~02
+5430C000E-03
¢993C0000E-03
¢13260000€-02
¢15240000E£-02
¢15880000E-02
¢33900000E-03
«61800000E~03
«82800000E~-01
¢95200000E~03
+99300000F~03
¢61900000E-03
¢11340000E-02
+15150000€~02
¢174300005-02
¢18170000E-02
+82800000E~03
+15150000E-02
¢20240000E~02
023290000E-02
024250000E~02
+95200000E~03
¢17430000€-~02
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«57583003E+02
e62686205€+02
e64249778E+02
¢30545704E+02
+48620848E+02
«5B8954961E+02
064249778F+02
e65875463E+02
«18492289E+02
«28065678E+02
¢33129558E+402
¢35615054E+02
¢363637647E+02
«28065678E+02
¢4412968B0E+02
¢53076940€E+02
¢57583003E+02
¢58954961E+02
¢33129558E+02
¢53076940E+02
064567954E+02
«70471552E+02
«72285538E+02
¢35615056E+02
«57583003E+02
«70471552E+02
e77171912E+02
e 719242543E+02
¢36363747E+02
¢58954961E+02
«72285538E+02
«719242543E+02
¢81396610E+02
+19555513E+02
029976634E+02
+35615056E+02
¢38423278E+02
©39275131E+02
029976634E+02
¢47580711€+02
¢«57583003E+02
062686205€E+02
e64249778E+402
«35615056£E+02
¢57583003E+02
¢70471552E+02

1s2

¢2329C000E-02
+26780000E=02
+27950000€-02
«99300000E-03
¢1817000CE=02
«24250000E-02
«279500005-02
«29120000E-02
452000005013
«82800000E-03
¢11070000E-02
«12730000E-02
«13260000E~02
+82800000E-03
«15150000£-02
20240000602
+23290000€-02
+24250000E~02
+11070000E-02
¢20240000E-02
«27030000E~02
+31110000€-02
¢«32390000€~-02
«12730000E-02
«23290000E=-02
«311100006-02
+35810000F~-02
«37310000€-02
¢13260000E=-02
«24250000€E=-02
¢32390000E=02
«37310000E=-02
+38880000E-02
«52100000E~-03
+95300000E-03
«127300005~02
«14650000E-02
+15240000E~02
+95300000E-03
«17430000£-02
+23290000€-02
+26780000E-02
¢27950000€-02
+12730000€=02
¢23290000E-02
+311100005-02
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DIFFUSIVITY
DELTA TIME

XGRID=
MAX TIME

OUTPUT CONTROLS ARE IRIVE 1

KRITE 1

CVEWRNOVEWNOVSEWNECRWVLEWVLNOVLSIWLNOVEWNOCOVP,WVLNNOWY
C OO VVUVUVUVLLLEITITVLLVWLLUNNNNNGCROROS VLR VY & &

10000
02000

«1000

OO0 ROROOCTCCOCTVNUL LRV UVL VLY UW

e77171912E+02
¢ 79242543E+02
+38423278E+02
¢62686205E+02
«77171912€E+02
«84787288E+02
¢87153425E+02
¢39275131E+02
e64249778E+02
¢ 79242543E402
«87153425E+402
+89615831€+02
+19867755E+402
¢30545704E+02
¢36363747E+02
¢39275131E+02
+40160331E+02
¢30545704E+02
+4B620848E+02
¢58954961E+02
e64249TT8E+02
+65875463E+402
¢36363747E+02
+58954961E+02
¢72285538E+02
¢ 79242543E+402
+81396610E+02
¢39275131E+02
064249778E+02
¢ 79242543E+02
+87153425E6+402
+89615831E402
+40160331E+02
065875463E+402
+81396610E+02
+89615831E+02
¢92178763E+02

CONDUCTIVITY
SOURCE STRENGTH 2000,0000

YGRID=

JRITE

183,

«1000
¢2000STOP WHEN ABSDIFF- «50000000E-02 1S ZERO OR LESS

¢35810000F-02
¢37310000£-C2
014650000£-02
026782000£-02
¢35810000£-02
041220000£-02
¢42930000E~02
¢15240000E-02
027950000F =02
«37310000E-02
¢42930000£-02
044733000F=02
¢54300000£-03
«9930C000E~-V3
»1326C000€-02
«15240000E-02
¢15880000F=~-02
¢9930C000E~-03
«18170000£-02
¢24250000E-02
«27950000E-02
029120000£-02
¢13260000€-02
¢24250000F=-02
¢32390000F-02
¢37313000E-02
«38883000E-02
¢15240000F-02
¢27950000E-02
¢37310000€£-02
042930000€-02
e44730000F~02
+15880000E5-02
¢29120000€~-02
«38880000£-~02
«44730000F-02
046620000£-02
10000

IGRID=

1

KITER 6 JITER 6 CHOSE 0,000

¢1000
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DATA R UN

NEW T1 ME INCREMENT

SmEwN S Ew N SEEwN S EwN

SV EWN

STEwN

REGULAR WEGSTEIN -- T = 0,2 SEC,

NGOF.

6
6
6
6

Lok aeat < 2 0 Fe e 2E o Y « o SO

L-ak-a¥- Ak ¥. 0

« 200

ITERATIAN NUMBER

6
6
5)
6
6
T

b
6
b
6
b
T
6
6
6
6
6
T

rPOO.O

TEMPERATURE

y +49352900E+01
> «61509471E+01
y JOULUY3IB26E+01

+65222818E+01
+65399740E+01

ERATI(AN NUMBER

h .88801862E+01
> +11733575E+02
» o 12595459E+02
5, 12844798E+02

« 12909294E+02

RATIOIN NUMBER

«12185228E+02
«16783346E+02

» o 18385662E+02
>« 18910285E+02
< 19052105E+02

RATI(N NUMBER

< 15032849E+02
«21351303E+02
«23794226E+02
« 24916819E+02

I TERATI(N NUMBER

T NPT -« NPT

E

«17527906E+02
«25486291E+02
.28814165E+02
«30098025E+02
« 3046L459E+02

RATIAN NUMBER

« 19736819402
+29231800E+02
< 3345097 1E+02
-35171236E+02
«35670706E+02

1
RESIDUAL

.49352900€+01
.61509471E+01
6449 3826E+01
.65222818E+01
+65399740E+01

2

. 3944896 2E+01
.55826280E+01
.61460770E+01
«63225170E+01
.63693200E+01

3

«33050420E+01
<50497710E+01
«57902030E+01
.60654870E+01
.61428110E+01

L

. 28476 210E+01
45679570E+01
. 540B56L0E+01
«57616890E+01
«58647140E+M)

5

« 24950570E+01
. 41349880E+01
+50199390E+01
- 5426051 0E+01
55476 400E+01

6

«22089130E+01
« 37455090E+01
.46368060E+01
«507321 OE+OV
«52062470E+M

164,

GRIDS EQUAL AT 0,1 CM

SLOPE
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WV EWw N PV EWN R EFwN NI W N

RN EwN

DVmEwWN

RO
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17
6
6

6
6
6
.
6
6
b
6
6
T
6
6
6
6
6
'
6
6
6
6
6

IT

6

6

6

6

6
T

7

OO

ERATIAN NUMBER

«2170548L4E+402
©32626222E+02
«37718101E+02
« 39886695E+02
< 40524592€+02

ERATION NUMBER

«23467933E+02
«35703599E+02
.41633842E+02
< 4h248880E+02
« 45025903E+02

ERATION NUMBER

«25050775E+02
. 38494323E+02
152191526402
-4B268970E+02
L49182103E+02

ERATIAN NUMBER

« 264756 26E+02
41025641E+02
- 48496 204E+02
«51962594E+02
«53007382E+02

ERATI(IN NUMBER

«27760516E+02
.43322061E+02
51487 394E+02
+55348087E+02
.56517688E+02

ERATIAN NUMBER

ERATION NUMBER

h852152E+02
«86393980E+02
« 7842814 3E+02
«73398767E+02
.70871016E+02

.88,

7

«19686650E+01
« 33944220E+01
«42671300E+01
47 154590E+01
485 38860E+01

8

« 17624490E+01
«30773770E+01
«39157410E+01
.1+3621850E+01
450131 OE+01

9

«15828420E+01
« 27907 240E+0)
«35853100E+01
-10200900E+01
+41565000E+01

10
« 1 42L8510E+01

«32770520E+01
«36936240E+01
. 38249790E+01

"

. 12848900E+01
«22964200E+01
«2991 900E+01
+33854930E+01
+35103060E+01

12

13

101 OLS1E+02
«23417471E4+02
< 15310434E+02
+10SLOBV7E+02
.89507020€+01

e etk
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ITERATIAN NUMBER 14

-+ OO0

. o TN A ONTOCONO

T

51368571E+02 .65164190E+01
«85345189E+02-,10487910E+01
.83703602E+02 ,52751590E+01
+B06LY055E+02 ,725028B80E+0)
.79693043E+02 ,88220270E+M

ERATIGN NUMBER 15

.51339767E+02-, 28804000E-01
+77532625E+02~,78125640E+01
84251769E+02 ,54816700E+00
+852093326+02 ,45602770E+01
.B5549536E+02 ,58564930E+01

ERATION NUMBER 16

.476318B0E+02~, 37078870E+01
«74328679E+02-, 32039460E+01
B4750529E+02 , 49876000E+00
883091 44E+02 ,30998120E+01
«89347939E+02 , 37984L030E+01

ERATIAN NUMBER 17

458104826402, 1821 3980E+0]
.72268586E+02-, 20600930E+01
.BU4915766E+02 , 16523700E+00
.90204296E+02 . 18951520E+01
«91824796E+02 ,24768570E+01

ERATIAN NUMBER 18

b=, 1341 200E+03-,20638058E+03
ITERATIAN NUMBER 19

ORI =~ OO

.85797480E+01 -, 351301 78E+02
L63691076+02 , 180481 OE+03
+75833670E+02 ,25041713E+02
.8B14B656E+02 ,24035820E+01
.895 3L468E+02-, 10191980E+01

ERATION NUMBER 20

«34557193E+02 ,25977L45E+D2
«5122L439E+02 ,48553320E+0)
« 74969 38LE+02-, 86428600E+00
.8655‘262[*02-0)59739“0E+0‘
«89934059E+02 ,39959100E+00

186,

.99188337€+00
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ERATIAN NUMBER 21

o33674101E+02-.88309200£+00
-59306274E+02 ,80818350E+01
«77646077E+02 ,26766930E+01
87125141E+02 ,57387900E+00
.89426491E+02-,50756800E+00

ERATIAN NUMBER 22

«37124091E+02 , 34499900E+01
.6168408B0E+02 ,23778060E+01
.78234057E+02 ,58798000E+00
«86822557E+02-, 30258400E+00
«89560956E+02 1 3446500E+00

ERATI¢N NUMBER 23

+37850149E+02 ,72605800E+00
.62959550E+02 ,12754700E+01
.78700857E+02 , 466800N00E+00
.87051002E+02 . 228L44500E+00
.89524159E+02~, 36797000E~-01

ERATION NUMBER 24
J67402930E+02 ,L44338B00E+01
ERATION NUMBER 25

.325!2428E+02 «1028574L0E+01
64827160E+02-,25757700E+01
«7967985 3E+02-, 8706 3000E-01
«87572706E+02 ,24242500E+00
+90034450E+02 ,25863100E+00

ERATIPAN NUMBER 26

«39474969E+02~, 23745900E+00
614796037E+02~,31 23000E-01
.7985L4291E+02 ,17443800E+00
.87786705E+02 ,213 0E+00
<90260794LE+02 ,22634400E+N0

ERATIAN NUMBER 27
«39567337€+02 ,9236B8000E-01
+64803561E+02 ,75240000E-~02
.;99“28“15+02 .88550000€E-01
87940229E+02 ,15352L00E+00

157.

«77697084E+00



CL/Ihyc/€%=E

6

AL ESwW N

ST EWN

DWW FTEWNN FVIEWN

PUVmEwWwN

6

TN

IR

AR ARAOC\ON AR

(<2 %28 X%

6 o90L43049E+02
ITERATIAN NUMBER

«39596002E+02
64Bb591 LE+02
.80058366E+02
.88090688E+02
.90593803E+02

ERATIAN NUMBER

« 3964408B0E+02
.6“9“38“'E+02
«80170791E+02
.88221417E+02
«90733244E+02

ITERATI(N NUMBER
6 101749106403
ITERATIAN NUMBER
40534931E+02
«65530987E+02

805431876402
«90331534E+02

PO 4 OO

+18225500€E+00
28

«28665000E-01
.62353000E-01
«1'552500E+00
« 15045900E+00
.15075400E+00

29

. 48078000E-01
«77927000E~01
.1 242500E+00
+13072900E+00
o 1 3944100E+00

30
«11015860E+02
31
.49760100E+00
« 33360400E+00

« 20694 300€+00
«19631770E+01

-~ RO

«91917293E+02~,98318100E+01

ITERATIAN NUMBER 32

C NI =S RN - OO0

4OLLI0B 3E+02-,85848000E-01
.65608256E+02 ,77269000E-01
.80981496E+02 . 43830900E+00
.89076081E+02~, 125545 30E+01
«92268235E+02 , 35094200E+00

RATI@N NUMBER 33

<40187156E+02-,26192700E+00
+65619279E+02 ,11023000E-01
+80895 394E+02~,86102000E-01
«89281976E+02 ,20589500E+00
09‘7“77955*02‘0520““000[*00

RATION NUMBER 34

<40113039E+02~, 741 17000E-01
+65607579E+02=-,1 700000E-01
.81012387€402 ,1 699300E+00
«89179240E+02~,1027 3600E+00
.91798949E+02 .51 S4N00E-01

ig8.

.98750008E+00
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ITERATIAN NUMBER 35
« 40069229E+02~, 43810000E-01

fe g% e ke R« R )

6
6

1T

.00 o OCNNTT o TN =~ OTOT = 0.0.CON

«65632031E+02
81031 34E+02
«89235540E+02

« 24452000E-01
. 18747000E-01
«56300000E-01

e N 775925E+02~,23024000E-01
ITERATION NUMBER 36
6 LO0L7IUSE+02-,21 284000E-01

«65659270E+02
«89292120E+02

ERATI(N NUMBER

< 40055292E+02
«65676297E+02
+81134991E402
.89314418E+02
«91870999E+02

ERATIAN NUMBER

+40065759E+02
657001 44E+02
.B1160295F+02
.89347487E+02
«91898B458E+02

ERATI(ON NUMBER

< H0075656E+02
«65718252E+02
.81186919E+02
«89374843E+02
«91928420E+02

ERATION NUMBER

400BUS5 3E+02
«65735925E+02
+81209764E+02
894012226402
+91955065€+02

ERATI®N NUMBER

« 40092966E+02
+65751456E+02
.81230797€+02
+89424951E+02
«91979914E+02

189,

«27239000E-01
«56580000E-01

.37

«73470000E-02
« 17027000E-01
«41078000E-01
« 22298000E-01
«39107000E-01

38

« 10467000E-01
« 23847000E-01
« 25304000E-01
«33069000E-01
« 27459000E-01

39

.98970000E-02
.18108000€-01
« 266 24000E-01
«27356000€-01
+29962000€-01

Lo

.88970000E-02
.176z3000£-01
«22845000E-01
«26379000E-01
« 26645000E-01

L)

.84130000E-02
« 15531000€-01
«21033000E-01
«23729000€-01
« 24849000E~01

+32695731E+00
+52699165E+00
.50126110E+00
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I TERATIAN NUMBER 42
2 6 6 ,L066LT00E+02 ,57173L00E+00 ,98549863E+00
ITERATI(N NUMBER 43

40155975E+02-,50872500E+00
.65941433E+02 ,81778000E-01
.81918920E+02 , 23045200E+00
90107529E+02 , 32909000E+00
.92504389E+02 ,33788200E+00

ERATI@N NUMBER 44

S EWN
NN ONC O
- ONOOT

2 6 6 ,40192710E+02 ,36735000E~01
3 6 6 ,660u48172E+02 ,10673900E+00
L 6 6 ,8174L3366E+02-,17555L00€E+00
5 6 5 ,90085776E+02~,21753000E-01
6 6 6 ,92657030E+02 ,15264100E+00
ITERATION NUMBER 45
2 6 6 .40202726E+02 ,10016000E-01
3 6 6 ,66018333E+02-,29839000€E-01
L 6 6 ,81726789E+02-,16577000E-01
5 6 6 ,90038601E+02~,47175000E-01
6 6 6 .92623301E+02-,33729000E-01
ITERATION NUMBER 46
2 6 6 40206900E+02 ,41740000E-02
3 6 6 ,66031618E+02 ,13285000E~01
L 6 6 ,81677748E+02-,49041000E~01
5 6 6 ,89980809E+02-,57792000€-01
6 6 6 ,92571394E+02-,51907000E-01
ITERATION NUMBER 47
2 6 6 ,40216700E+02 .98000000E-02
3 6 6 ,66020183E+02-,1"'435000E~01
L 6 6 .elshzagoe+oz-.338580005-01
5 6 6 ,89934384E+02-,46425000E~-01
6 6 6 ,92519805E+02~,51589000E~01

ITERATION NUMBER 48

6 .40218714E+02 , 201 LOOODE-02 .17061224E+00
6 .65997780E+02-,22403000E-01 ,66200262E+00

w N
[ea% - 3

160,
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I TERATI(N NUMBER 49

o~

)y J40217137E+02-,15770000E-02
6 .65992337E+02-,54430000E-02
6 ,B1535184E+02-,58734000E-01
6 .89807301E+02~,66910000E-01
6 ,92404153E+02-,62883000E~01

ITERATIAN NUMBER 50

< 40214339E+02-, 27980000E-02
«65964920E+02~, 27417000E-01
«81505052E+02~, 301 32000E-01
.8976907 2E+02-, 38229000E-01
«92352080E+02~,52073000E-01

ERATION NUMBER &1

o 40205 378€+02~,89610000E-02
«65949978E+02-,14942000E-01
«81500347E+02-,47050000E-02
«89751201E+02-,17871000E-01
«92324220E+02~,27860000E-01

ERATION NUMBER &2

T
6 40199461E+02-,59170000E~02
6 .65945630E+02-,43480000E-02
6 .81494320E+02-,60270000E-02
6 .89736533F+02-, 14668000E-01
6 .92308033E+02-,16187000E-01
T
6
6
6
3]

SO0 A OTOTOND

ERATION NUMBER &3

<40196567E+02~, 28940000E-02
«6594155 3E+02-,40770000E-02
81488275E+02-,60450000E-02
«89726712E+02~,98210000E~02
«92295861E+02-,12172000E-01

ITERATION NUMBER 5l
6 814326 30E+02-,55645000E-01
ITERATION NUMBER 55
4018991 bE+02~, 23360000E-02
+65925560E+02-, 1 841000E-01
«81468953E+02 ,36323000E-01

«89694835€+02~,56250000€-02
922621 2BE+02~,15831000E~01

.

o

RO OO

6.

«90190239E+00
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ITERATI(N NUMBER 56

ERATIAN NUMBER &7

ITERATION NUMBER 58

T O o OO o4 OO

FINAL. RESULTS OF ITERATION

DIFFUS tITY
DELTA TIME

XGRID

MAX T1 ME

PUTPUT CONTRI.S ARE IRITE 2 JRITE &
4 KITER 6 JITER 6

KRITE

SENTENTENT N

o1 33865L4E+02
. 18499369F+02
«19876607E+02
.19876652E+02
«3638576LE+02
«40186622E+02
- 19876605E+02
- 36385683F+02
.40186572E+02
- 40186625E+02
-81459925F+02
6 .92253860F+02
1.0000 CANDUCTIVITY

CRAITONNDITTNONNN
AN RTNVNNNNNNINN

. 40188L78E+02~, 14360000E-02
.65928388E+02 , 28280000E-02
.811463657E+02~,52960000E-02
.89693365€+02-, 14700000E-02
.92258601E+02-, 35270000E-02

<40187951E+02=,52700000E-03
.65925081E+02~, 33070000E-02
.811462624E+02-, 10330000E-02
«896904Y9E+02-, 28660000E~02
»92256453E+02~-, 21 480000E-02

40186625E+02~,13260000E~02
.65923581E+02-,15000000E-0)2
«81459925E+02-, 26990000E~02
896881 34E+02-, 23650000E~02
«92253860E+02~, 25930000E-02

1.0000

« 2000 SAURCE STRENGTH 2000,0000
1000 YGR | D= « 1000

«2000STAP WHEN ABSDIFF-

168,

ZGR | D= 1000
.005001S ZER® @R LESS

|

- —— . ——— ———
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163,



